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1. INTRODUCTION 

The followings are well known in the second order analysis of stochastic 

process theory: (1) a homogeneous stochastic process is usually characterized 

by its mean value and correlation function, (2) the correlation function 

represents the variance and correlation structure of the process, (3)the 

correlation function is related to the power spectral density function by means 

of the Wiener Khintchine transform pair, and (4) if the process is Gaussian, 

then all its characteristics are known only from its mean value and 

correlation function or power spectral density function. Therefore, when the 

stochastic process theory is applied to the analysis of observed field data, a 

set of these observations is interpreted as a realization of a homogeneous 

stochastic process. Then, the mean value and the correlation function or the 

power spectral density function are usually estimated following routes 1 and 

2 shown schematically in Fig. 1.1. Finally, the resulting correlation function 

and power spectral density function are in general summarized in analytical 

forms. 

In the above procedures usually encountered in practical field data 

analyses, the last step of modeling is, of course, based on not only the observed 

data, but also physical understanding of the phenomena and engineering 

judgement. Hence, the modeling task cannot be successfully achieved without 

understanding the phenomena indicated by the observed data and without 

taking into account the accuracy required for analyses. 
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Fig. 1・1Schematic Diagram Showing Relationship Between Stochastic 
Process and Its Statistics 

In addition to the correlation function, however, if simple statistics 

(correlation scale) could be defined that are able to represent the correlation 

structure of the stochastic processes and also can be directly estimated from 

a set of observed field data without the correlation function or the power 

spectral density function, these statistics for correlation could provide quite 

useful information for capturing the essential phenomena indicated by the 

observed data and eventually in the modeling of its stochastic process. 

Consequentlぁitis asserted that three statistics (the mean, variance and 

correlation scale) could be used as the fundamental parameters to 

approximately characterize stochastic processes. 

In fact, as briefly described in Section 1.1, instead of the correlation 
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function, the correlation scales summarized in Table 1.1 have been 

successfully used as the measures of correlation structure of stochastic 

processes in studies of the turbulence, signal analysis and the stochastic 

response analysis of mechanical systems to dynamic loading. However, since 

these correlation scales are defined through the correlation function, they 

cannot be evaluated before knowing the correlation function. From a 

viewpoint of the statistical analysis of stochastic process data, it is desirable 

to estimate the correlation scale directly from observed data without going 

through the correlation function. Hence, the definitions for the correlation 

scales indicated in Table 1.1 are quite useless from the point of view of the 

statistical analysis of stochastic process data. 

In this study, the two new definitions for the correlation scales A and C 

m Table 1.1 are discussed which are suitable for statistical analysis of 

observed data in the sense described above. Hence, the problem dealt with in 

this study is to develop a practical procedure for estimating correlation scales 

(Route 4 in Fig. 1.1). To do this, the variance behavior of an averaging process 

previously studied by Panchev (1971), Bendat and Piersol (1971) and 

Vanmarcke (1983) is analysed in a systematic way. The procedure used in 

this study is especially similar to that used by Vanmarcke (1983). However, 

the results and their interpretation are quite different from those of previous 

studies, and the two different definitions for correlation scales are 

reinterpreted in a consistent way from a viewpoint of the statistical analysis 

of stochastic process data. In this study, a practical procedure utilizing a 

graphical method as occasion demands, is presented to estimate the 
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correlation scales from observed data. The procedure for one dimensional 

stochastic process data is also extended to the two dimensional case and the 

significance of the correlation scales for two dimensional stochastic process is 

briefly discussed using numerically generated two dimensional stochastic 

fields. In the final chapter, some new application examples of correlation 

scales are described. 

Table 1-1 Summary of Definitions for The Scale of Correlation 

Items Definitions Authors 

C回
Taylor (1935), Batchelor (1953), Tatarski (1961), 

A ~2 f R（~）dと Manin and Yaglom (1965), Panchev (1971), 

C泊 Bendat and Piesol (1971), Lumley (1970), 

Vanmarche (1983) 

。。
B ~ fiR（ご） Id{ Stratonovich (1967) 

σ -oo 

Tatarski (1961), Manin and Yaglom (1965), 
2R(O) c Lumley (1970), Harada and Shinozuka (1979) 
R"(O) 

C泊

f {IR（と）Idご

D E泊 Lin, Fujimori and Ariaratnam (1979) 
巴泊

f IR（と） Id{ 
。。

Note 
σ2 = R(O): Variance, R（と）: Correlation Function, R" （ご）= d2R（と）／d{2 
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1.1 Brief Historical Note on Correlation Scales 

Table I. I summarizes the definitions of correlation scales in the 

literature available. In the study of turbulence, Taylor (1935) first proposed a 

measure of the correlation scale to obtain low variance estimates of the mean 

value of fluctuating velocities. The ratio of a finite sampling interval to the 

correlation (A in Table 1.1) is used as the equivalent number of independent 

observations from stochastic process data. Batchelor (1953), Tatarski (1961), 

and Monin and Yaglom (1965) also used the same measure proposed by Taylor 

(I921) in their studies of isotropic turbulence. In the study of random signal 

analysis (Panchev (1971), Bendat and Piersol (1971)), the correlation scale A 

in Table 1. I was also used for the condition of ergodicity with respect to the 

mean value. Stratonovitch (I967) used the other definition Bas indicated in 

Table I.1 in the discussion of the condition of ergodicity with respect to the 

mean value by considering the averaging process. A correlation scale C in 

Table 1.1 was proposed to represent the inner scale of turbulence (Tatarski 

(196I), Monin and Yaglom (I965), and Lumley (I970)). 

In the study of stochastic response of mechanical systems to dynamic 

loading (Lin at al. (1979)), the other definition of correlation scale Din Table 

1.1 was used. This correlation scale is proposed in such a way that if the 

correlation scale (time) of dynamic loading is much smaller than the 

relaxation time of the mechanical system, the response can be approximated 

by a Markov process. Thus, many convenient mathematical properties 

related to the Markov processes can be used to solve the system response to 
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random dynamic loading (Statonovitch (1967), Lin (1979) and Wu (1985)). 

Recently, Vanmarcke (1983) reinterpreted the correlation scale in A in 

Table 1.1 from the viewpoint of the analysis of the variance of averaging 

processes in a manner similar to the discussion of Stratonovitch (1963) and 

Pancheve (1971), and represented many applications in civil and mechanical 

engineering problems. Harada and Shinozuka (1985) recently proposed the 

correlation scale C in Table 1.1 in their analysis of the spatial variations of 

seismic ground motions by considering the variance of difference processes. 

In conclusion, the previous definitions for correlation scales were all 

based on the correlation function or the power spectral density function and 

tend to vague in why they are defined as shown in Table 1.1, except the 

studies of Vanmarcke, and Harada and Shinozuka. Thus, to obtain the 

correlation scale, the correlation function or the power spectral density 

function has to be given first. This kind of definition is not useful from the 

viewpoint of the statistical analysis of observed data because it is desirable to 

estimate the correlation scale directly from the observed data without using 

the correlation function. 
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2. VARIANCE OF AVERAGING PROCESS AND 

DIFFERENCE PROCESS 

Since any continuous parameter homogeneous stochastic process with 

mean m and varianceσ｝1 can be expressed as the sum of its mean and 

homogeneous stochastic proc倒的）with zero mean and varianceσ｝1, we 

consider a homogeneous stochastic processf(x)with zero mean and variance 

a}1 in the a叫 rsis伽 tfollows. 

For a homogeneous stochastic process f(x), a family of the averaging 

processfD(x) may be defined such that, 

噌 x+D/2

ι（x) ＝去ff(y) 
z一D/2

Introducing the following indefinite integralF(x) off(x), 

F(x) = f J（例 or 
。。

Equation (2.1) is also written as, 

約）＝お（x)

where, 

ろい）＝F[x+f]-Fト引

F(x) 
ーァー＝f(x)
ax 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

The functionι（x)is the finite difference process ofF(x). In Eqs. (2.1) and 
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(2.3), the averaging process fn(x) and difference process FD(x) are always 

homogeneous since the original process f(x) is homogeneous. However, the 

indefinite integral processF(x) is not always homogeneous. The condition for 

the homogeneity ofF(x) is very closely related to the behavior of the power 

spectral density function S 1／κ）of/(x)at originκ＝0. 

Power Spectral Densけy
Fune制onStt(O)=O 

’ntegral Process 

Homogeneous 

F(X), aJ 

ザ品納品判t←

A veraglng Process 

Homogeneous 

ら伸すら（幼

市叫抑ぬ仲

Dlf ference Process 

Homogeneous 

Fo(X);:::iF(x＋旦） -F(X-Q) 
2 2 

"'il ,,. ・".Al AA"" JA/l ,A AA1A ,A. ••• v I' v’VVWVTT可 可ー

Power Spectral Density 

Function s,,co＞キO
Integral Process 

Non-Homogeneous 

F(X), ＂＇；；：.曲

Fig. 2.1 Schematic Diagram Showing Relationships Among Integral Process, 
Averaging Process and Difference Process. 

Figure 2.1 summarizes the above conclusion for the integral process 

F(x), averaging processfn(x) and difference processFD(x). Explanation using 

equations are shown in below. 
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If F( x) is homogeneous, the power spectral density function S FF （κ） of 

F(x) is well known to be expressed due to Eq. (2.2) as, 

s （κ） 
SFF（κ）＝」ア

κー
(2.5) 

As is also well known, S ff （κ） is in turn related to the correlation function 

Rf!（ご）through the Winer・Kintchinetransform pair, 

ら（κ） ＝引い）〆d~
-oo (2.6a) 

Rf／~）＝ I S作:"J~i~dK
-00 

Accounting for the symmetry of Rf!（と） with respect to the or1gm 

(Rf!（と）=Rf!（ーと）) , the Winer・Kintchinetransform pair is also given such as, 

s （κ）＝会 fR （と）…~d~ (2.6b) 
,. Z7r tJ ,. 

-c泊

Using the asymptotic expansion of cosκと， Sf!（κ）can be expressed as, 

ら（κ2ろ（ごi ［~（一1
(2.7) 

＝去；ろ（似一五；句（似＋
-oo -oo 

Then, from Eqs. (2.5) and (2.7), SFF（κ） is also expressed as, 

SFF （κ）＝~~ f R （ご）ae － 土~f e2R （と）ae+. ,.,. 2πκ'I. J JJ 2π2 ! J JJ 
(2.8) 
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Therefore, ifら（o)= (1 ；針） f ろ（と）de~o, then SFF（κ） is singular at the 
-00 

origin. This皿eansthat the variance ofF(x) becomes infinity and the process 

F(x) is no longer homogeneous. 

It should be noted again that the difl島renceprocessFD(x)ofF(x) given by 

Eq. (2.4) is always homogeneous even in the case where the processF(x) is 

nonhomogeneous because the averagi時 processFD ( x) is always homogeneous 

(see Eq. (2.1)). More rigorous discussion concerning the homogeneity of the 

integral and difference processes can be seen in the followings: Cramer and 

Leadbetter (1967), Doob (1953), and Yaglom (1962, 1973). 

日rningto the variance (]"1 of the averaging process fn(x) , we first 

m 副 erthe power spectral density function Sゐ（κ）ofゐ（x).Sゐ（κ）is given as 

follows: 

久（κ）=I sinκグI21ι 
Jn lκD/2 I 11 

(2.9) 

Above equation is derived from the following general well-known equations 

in the filtering theory (for example, Papoulis (1984)), 

仰
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where g(y) is the impulse response function of a system, and the power 
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spectral density function of the response f D ( x) to the input f ( x) is given by 

Sゐ（κ）=IG（κ） 12 S1／κ） (2.lOb) 

in whichG（κ） is the transfer function of the system that is related tog（ν）such 

as, 

∞噌 D/2

G（κ） = J g(y)e一句ν＝去J e一町dy
一∞ 一一D/2

_sin（κD /2) 

（κD /2) 

(2.lOc) 

Substitution of Eq. (1.lOc) into Eq. (2.lOb) yields Eq. (2.9). 

Utilizing the following relationship between the basic spectral window 

and the triangle window, 

~~r＝え［1引c叩5

lー出＝Ji－与｜と｜三D
u 1 o 1e1>n 

(2.11) 

The varianceσ；offn(x) is given following its definition such that, 
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If F(x) is homogeneous (this means S1/0) = 0 ), Eq. (2.12a) is also 

expressed in terms of the correlation function RFF （と）of the indefinite integral 

processF(x) such as, 
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(2.13) 

Summarizing Eqs. (2.12a), (2.12b) and (2.13), we obtained, 

σ1 = zr・出2rら（κ）
＝せ［1－思h＜がと

(2.14a) 

and, whenS!f(O) = 0 (F(x) is homogeneous), 

σ；＝会（九（0）一九（D)) (2.14b) 

The varianceσ；of the difference processFn(x)is related toσ；due to Eq. (2.3) 
D 

as follow, 
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n2 2 2 1 
=lノσ 一→σ ＝ー一一σι~ D D D2 ~ι (2.15) 

The relationships between the processes J(x),JD(x),F(x) and FD(x) may 

also summarized schematically as shown in Fig. 2.1. In the case where the 

power spectral density function at the originS1/0）エ0,the indefinite integral 

process F(x) of f(x) is nonhomogeneous, but otherwise F(x）ろ（x)and JD(x) 

are all homogeneous stochastic processes with variances σ2， σ~ and σ1 
ιA ・n ~ 

respectively. Equations (2.14) and (2.15) play a fundamental role in the new 

interpretation of the definition of the correlation scale which is capable of 

estimating directly from the observation data without recourse to the 

correlation function. 
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3. DEFINITION AND SIGUNIFICANCE OF 

CORRELATION SCALE 

We consider in this chapter the behavior of the varianceo-boffn(x) in 

the two limiting cases where D→OandD→oo, using Eqs. (2.14) and (2.15). 

And then, we introduce new definitions for the correlation scales. 

In the五rstcase where D→0, using Eq. (2.14a) together with the 

relationship of sinκD/2＝κD /2forD→0, we can easily show that, 

2
5
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1
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一一
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D

 

σ
 

as D→0 (3.1) 

-c泊

If 81/0) = 0, then the integral processF(x) is homogeneous. Hence, we can 

consider Eq. (2.14b). The correlation functionRFF(D) can be expanded into a 

Taylor series around D = 0 such that, 

RFF昨 RFF仲R~F伽＋が＇F(O)D2+. 

in whichR~F(O) = dRFF（と）I de I←0 and similar definitions apply to R;F (0), etc. 

(3.2a) 

And also, the correlation function RFF （と）and its derivations are given by, 

RFF（ご）=I 8FF（吋cos刷 κ

R~F （と）＝－I κSFF （κ） sinゆ (3.2b) 

-oo 

時点）＝－I κ23FF （κ） cos ，.，.，~dκ ＝ -I 811cκ）cos,.,.,edκ 
。。 -c泊
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Therefore, R~F(O) = 0. Then, using Eq. (3.2a), Eq. (2.14b) can be written as, 

σ；＝会（RFF(O)-RFF州 asD→0 

= -R;F(O) = f 81／κ）dκ＝σ； 
(3.3) 

-oo 

In the second case where D→oo, using the last equation ofEq. (2.14a), 

we can easily obtain, 

r
p
h
 

J
u
 

f
p

、
r
1
 

1
J
 

R
 

∞

f
J叩
1

一D一一
2

D

 

σ
 

as D→∞ (3.4a) 

If Sff (O) = 0, from Eq. (2.14b), we obtain, 

σ；＝会九（0)＝会σL 回 D→∞ (3.4b) 

At出ispoint, we define the varianceκ；of wavenumber of integral 
process F( x) such as, 

f内 p（κ）

J SFF（κ）d 

J Sf!（ゆ庁
一 一∞ - ~ff 

18 FF(K)dr;, 
(3.5a) 

-oo 

The standard deviationκ'F can be interpreted as a predominant wavenumber 

of the integral process F(x) of wavenumber domain, then the predominant 

wavelengthLF = 2π／κF of F(x) can be given using Eqs. (3.3) and (3.5a) such 

as, 
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' I STi'V（κ）dκ 
ム＝2π!!.EE_= 27r I一生迎＝27r I与口
F － σ＂ -~ R~，.. (0) 4 / ex;. 

JJ ' ., II I s ff （κ）dκ 
-c回

(3.5b) 

By using the above predominant wave length, the Eq. (3.4b) is expressed as, 

σ；＝針金］u1 as D→∞ (3.6) 

In summary of the above expressions of varianceσ1 of the averaging 

process fn(x) for D→OandD→∞， 

Case I (S1/0) ~ o): 

1 ,D→0 

J Rf!（とほ (3.7a) 

JD σ万
,D→∞ 

Case II (Sff(O) = Q): 

号＝（品）
,D→0 

,D→∞ 
(3.7b) 

The above Eqs. (3.7a) and (3.7b) provide incentives of introducing the two 

s叫 esof correlation L*, L~蹴has, 
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I Rt／と）d~ s (0) 
L ＝一00 = 2πH  

σ；；ら（κ）d，κ
for S1/0) :;c 0 

-c泊

ι＝最＝志（寸）
(3.8) 

I s，..，..（κ）dκ 

＝志｜ぉifZ~dκ for S ff(O) = 0 

ー－c泊

Utilizing the above scales of correlation, Eqs. (3. 7a) and (3. 7b) are written as 

a simple expression, 

Case I (S1/0) :;co): 

1
5柘

,D→0 

(3.9a) 
,D→∞ 

Case II (S11(0) = o): 

1 ,D→0 

字＝ ~L~ -F2σFF n . ~ 
~ff ID- D σff ，~，山J

(3.9b) 

Alぬoughthe scales of correlation L*, L~ defined by Eq. (3.8) possess the 

same forms as A and C in Table 1.1, which are defined by previous 

investigators, the significance of the correlation scales in this study is quite 

clear as follows. 
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The correlation scale L~ defined by the second equation of Eq. (3.8) is 

such that when the averaging distance D reaches the distance of the 

correlation scale L~ , the standard deviationσD becomes J2<J" FF / D according to 

Eq. (3.9b). This is the same standard deviation ofσD whenF(x + D) andF(x) 

become completely uncorrelated as D→ oo (see Eqs. (2.14b) and (3.9b)). 

Also, for the correlation scaleL* defined by the first equation ofEq. (3.8), 

a similar consideration can be made using Eq. (3.9a) as follows. When the 

averaging distance D reaches the distance of the correlation scale L*, the 

standard deviationσDbecomesσg in accordance with Eq. (3.9a). This is the 

same standard deviation of the averaging process fn(x) and the original 

process f(x) may be considered to be a perfectly correlated process, i.e., 

R11(D) ＝見（D)= <J"J1 for D→ 0 （附Eqs.(2.14a) and (3.9a)). 

The definitions of the correlation scales L* andιare also interpreted on 

terms of the wavenumber as follows: Since the wavenumberκis related to 

the wavelength L such that κ＝2π／ L , we may define the (wavenumber) 

spectral scales "'* a仙~； corresponding to the correlation scales (correlation 

distances) L* and L~ , respe伽 ely附

ぶ＝竺 and
L 

* 2π 
-一一
山F -* 

~F 

(3.10) 

Then, Eq. (3.10) can be written using Eqs. (3.5b) and (3.8) together with the 
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Wiener-Kintchine relationship given by Eq. (2.6) as follows, 

ぷ＝__2_[s （ゆ
s11(o）牛刀

κ；＝π.J2 わ（t;,)dK-＝ムF
J SFF（κ）d 

(3.11) 

where κF (see Eq. (3.5a) is the apparent (predominant) wavenumber of the 

power spectral density function S FF ｛κ） of indefinite integral process F( x) . 

The significance of the spectral scales defined by Eq. (3.11) is illustrated 

1n Fig. 3.1. It may be observed from Fig. 3.1 that the spectral scales 

represent a large wavenumber above which the power spectral density 

function may be considered to be zero. 

As demonstrated in the numerical example, the definitions of 

correlation scales given by Eqs. (3.8) and (3.9) are also useful for estimation 

the correlation scales from the observed data since the standard deviations 

σH andσD orσFF can be easily calculated by following their definitions from 

the observed data. 
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ff -------J 

。
K’k 
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s (t:) 
FF 
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Fig. 3.1 Schematical Illustration of Significance of the Spectral Scales ( (a) 
Case I and (b) Case II) 
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4. EXAMPLES OF CORRELATION FUNCTION, 

POWER SPECTRAL DENSITY FUNCTION AND 

THEIR CORRELATION SCALES 

Before the practical estimation method and numerical examples using 

the graphical representation of the correlation scales (Chapter 5,6), we 

present here the several examples of correlation functions, or power spectral 

density functions, and their correlation scales according to their definitions of 

Chapter 3. 

4.1 Example of Correlation Functions, Power Spectral 

Density Functions, and Correlation Scale for Case I 

(S1/0) ~ o) 

Table 4.1・1and Fig. 4.1・1show the example of models of normalized 

correlation functions and power spectral density functions for Case I 

(S1/0) ~ O). 

The correlation scales for these models can be obtained from the 

definition by the upper equation of Eq. (3.8) as follows for Table 4.1・1;

s (0) b 
Type 1: L = 2π」~一 ＝ 2π了一 ＝ b

σゐ Z7r
ff 

s ,(0) b 
Type 2: L = 2πーι7ー＝2π－＝2b

σg π 
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Type 3: 
s (0) 2b * s (0) 8b 16 

L =2π一ι士一＝2π－= 4b Type 4 : L = 2πー丘7一＝2π一一＝一一b
σ4π 庁2 3π3  
ff ~ff 

Type 5: 
Sff(O) b 「 ＊ s (0) b 

L =2π~一＝ 2πーゥ＝= b..j 7r Type 6 : L = 2πーι丁一＝2π士＝πb
σff 2-..Jπσ~ L. 'V" ff 

Table 4.1・1Example of Models of Normalized Correlation Functions and 

Power Spectral Density Functions for Case I (Sff(O) :;zt O) 

Type 
R(T) Iσ2，σ2 = R(O) S(w) ／σ2 

1 IT I cosbw〕
1一一一 IT I三b

πb w2 b 。otherwise 
2 

一（一／T/) b 1 
e b 

π1 + (bw)2 

3 

（ 中）一両
2b 1 

1+ e b 
π（i+(bw)2)2 

4 

[1 ITI 1（同十字）
8b 1 

3π（i + (bw)2 r ＋一一＋－ e 
b 3 b 

5 
一（出)2 b 一（bw)2
e b e 2 

2J; 

6 1 l飴－b/w/
1 + (f )2 2 
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Two examples of exact behavior of variance ratioσ；／σ1 using Type 1 

and ’fype2 of Table 4.4・1are shown as follows, 

Substituting the normalized correlation function of’fype 1 of Table 4.4・

1 to Eq. (2.14a）， σ；／σ；is givens叫 as,

す＝iJj1-tlザde
-~1{(1誹十 D三 b
D If [1-t][1十 D>b (4.1・la)

The above integration in conjunction with the correlation scale gives the exact 

behavior of 2 I 
~ DI 万’

2 σ 
D 

2 σ 
ff 同［1一三） D > b = L* 

The above equation gives for the two extreme cases, 

σ2 I 1 D→0 
D I 
2 ニ 1L T'I 
11 ln ~ → 

SimilarlぁforType 2 of Table 4.4・1，σ；／引sgive凶 y,
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す＝%J[1十Jbae
(4.1・2a)

L* = 2b 

In deriving above equation, a following indefinite integration was used. 

J xeax批＝予（ax-1) (4.1・2b)

Using the Eq. (4.4・2a)gives for the two extreme cases, 

σ2 I 1 
D I * 
2=1£ 
σH ln 

D→O 
(4.1・2c)

D→∞ 

In derivation above equation, the following approximate equation was used. 

0

∞
 

↓
↓
 

z

z

 

Z
 

1
一引

2
z
o
 

－－引＋
 
z
 一一e

 

(4.1・2d)

4.2 Example of Correlation Functions, Power Spectral 

Density Functions, and Correlation Scale for Case II 

(s11(o) = o) 

Table 4.2-1, Table 4.2・2and Fig. 4.2・1,Fig. 4.2・2show the example of 

models of normalized correlation functions and power spectral density 

functions for Case II (S1/0) = O). 
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Table 4.2・1Example of Models of Normalized Correlation Functions and 

Power Spectral Density Functions for Case II (81/0) = O) 

（司rpe1 is Case I) 

Type 
R(T) Iσ2，σ2 = R(O) S(w) ／σ2 

1 
＿＿＿！.＿＿飴－blwlb2 

b2十T2
2・O!

2 
b4(b2 -3T2) 1 b3 2 -blwl 一一一 we 
(b2 + 72)3 2・2!

3 
が（b4-1Qb2T2 + 5T4) 1 b5 4 -blwl 

一一一一－ we 

(b2 + 72)5 2・4!

4 
が（b6-21b4T2 + 35b2T4 -7T6) 1 b7 6 -blwl 

一一一一－ we 

(b2 + T2)7 
2・6!

5 
b吋b8-36b6T2 + 12b4T4 -84b2T6 + 9T8) 1 bg 8 -blwl 一一一 we 

(b2 + 72)9 2・8!

6 
[b10 55b8T2 + 330b6T4 462b1T6 +] __!._b～lOe-blwl b12 

2・10!
165b2T8 -11710 

(b2 + 72)11 
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Table 4.2・2Example of Models of Normalized Correlation Functions and 

Power Spectral Density Functions for Case II (S11(0) = O) 

（司rpeI is Case I) 

Type 
R(T) Iσ2，σ2 = R(O) S(w) ／σ2 

1 
一（工)2 b -(bw)2 

e 2 e b 
2J; 

3 bw 2 
2 

（叶（f>2 1 b －（τ） 
2刃ごw2e1-2 e 

5 bw 2 
3 

[ 4 T ）イ工f 1 b 4一（τ）
1-4（工b)2+ 3 （ムb)4 e b 三－司；we

4 

[ 8 （~） lに 1 b7 ぐ）2
1-6（工b)2 + 4( f )4 -15 6 e b . oJ;w6e 

2 12 

9 bw 2 
5 

1 b －（一）16 －（一）
[ T)2 φ4匂＋ーゲ e b wse 2 
1-8（、ーb + 8 15 105 

2 1680.;; 

6 
40 T 4 16 （ァ）氏!> 1 b11 一（bw)2

1-10（一）2＋－（十）一一 ＋ 一（工）2 wlOe 2 
b 3 b 3 b e b 2 30240..r;; 

16 (ft良－ 32 (f )10 
21 945 、

30 



0.5 

-0.5 

。

（
判
）
出
額

E
E
E旧
也
記
掛
同

。 3 2.5 2 0.5 1.5 I 

時間

ー－R(t)(Typel）ー一一R(t)(Type2）一一－R(t) (Type3) 
---R(t) (Type4）・・ R(t) (Type5）・・・・ R(t)(Type6)

(a) Correlation Functions for Case II (S1/0) = O) in Table 4.2・2

（司rpeI is Case I) 

0.3 

。。

0.25 

0.2 

0.15 

0.1 

0.05 

（診）∞

訴
鹿
川
mh
明ム二、
Y
M川
l
h
u
ス
ゼ
掛
糊

8 7 6 5 

振動数W

ーーS(w)(Typel)ー一一S(w)(Type2）一一・S(w)(Type3) 
---S(w)(Type4）・・ S(w)(Type5)• • • • S(w)(Type6) 

(b) Power Spectral Density Functions for Case II (Sff(O) = O) in Table 4.2・2

Correlation 
for Case II 

（’fype I is Case I) 

Diagrams of Example of Models of Normalized 
Functions and Power Spectral Density Functions 

(Sff(O) = O) in Table 4.2・2

31 

4.2・2Fig. 



The correlation scales for these models can be obtained from the 

definition by the lower equation of Eq. (3.8) as follows for Table 4.2-1 and 

Table 4.2・2;

For the models of Table 4.2・1;

Type 1: 

Type 2: 

Type 3: 

Type 4: 

Type 5: 

Type 6: 

ヰ＝志（寸） ＝志［2す］ ~b

~＝志（寸）＝志（咽＝去

~＝志（

；＝志（釘号）＝志［2π志）＝左

ι＝志（吋＝志［2π志）＝左
For the models of Table 4.2・2; 

ype 1: L* = 2π乎＝27r--:!J; = b/; 

： ι寸（寸）＝志［2す）＝b

L寸
32 



Type 4: 

Type 5: 

Type 6: 

Lす［2勺）＝志［hto］＝去

；＝志（寸）＝志（咽＝去

ヰ＝志（寸）＝志（咽す
'l¥vo examples of exact behavior of variance 削 i吋／σ；usingType 2 

and ’fype 3 of Table 4.2・ 1 and Table 4.2・2are shown as follows, 

In the case of司rpe2 of Table 4.2・1,the power spectral density function 

off(x) and the correlation function ofF(x) are given by, 

ら（κ）＝守的－blι｜

手s（κ） σ；， b4 
R，，，，，，（と）= I」アcosr;,~dκ ＝千マ－－－－－－；；－
. . :!00 ピ Z b~ －ト~＇

(4.2-la) 

Substituting the above correlation function of ’fype 2 of Table 4.2・1to Eq. 

(2.14b）， σ；／σ；is given such as, 

＝叫－l+ （~ Iの (4.2・lb)

The above equation gives for the two extreme cases, 
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1 D→0 
2 σ 
D 
2 σ 
ff （引 D→∞

(4.2・le)

In the case of ’Type 3 of Table 4.2・2,the power spectral density function 

off ( x) and the correlation function of F( x) are given by, 

s （κ）＝~三~b5K4e-(b,,./2)2
“乙12".,.-

R1i'1i' （と）＝？印…edκ ＝｜生~ 111-2ドr le-(€/b)2 
rr ~00 K2 I 6 11 lb J I 

(4.2-2a) 

Substituting the above correlation function of司rpe3 of Table 4.2・2to Eq. 

(2.14b）， σ；／σ；is given such as, 

号＝会（九（0）一制））
＝叫（1-(1-2(DIめ2))e一（D/b)
=[%][1一［1一；（D '])e一i川 ι＝去

The above equation gives for the two extreme cases using Eq. (4.1-2d), 

0

∞
 

↓

↓

 

D

D

 

1
4一D

一一
2

D
一2
H

σ
一
σー

(4.2-2c) 

Table 4.2・3summarize the correlation scales for various correlation 

functions and power spectral density functions in Table 4.1・1(Case I 

811(0) ~ 0 ), Table 4.2・1(Case II 81/0) = 0 ) and Table 4.2・2(Case II 

81/0) = O). 
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Table 4.2-3 Scale of Correlation of f(x) for Correlation Functions in Table 4.1-1, Table 4.2-1 and Table 4.2-2 

Type of Table4.1・1 t 
L~ 
Type of Table4.2・1 L* 

L~ 
Type of Table4.2-2 t 

1 [I] b 。 1 [I] πb 。 1 [I] 
J二b

2 [I] 2b 。 2 [II] 。 b 2 [II] 。
3 [I] 4b 。 3 [II] 。 3 [II] 。

b 

J6 
4 [I] 16 b 
。 4 [II] 。

b 
4 [II] 。

3 
fl5 

5 [I] 
J;b 
。 5 [II] 。

b 
5 [II] 。

Es 
6 [I] 7rb 。 6 [II] 。 6[11] 。

b 

J忌
[I] and [II] mean Case I and Case IL Zero of scale of correlation means that correlation scale is not defined. 

L~ 
。
b 

b 

J3 

b 

.J5 

b 

J7 

b 

j9 



5. GRAPHICAL REPRESENTATION 

A graphical representation of Eqs. (3.9a) and (3.9b) as shown in Fig. 5.1 

may be more useful for附 imatingthe correlation s叫 eL*orL~ 企om a set of 

observed data. Figure 5.1 is constructed in the following waド

Plottingσnlσff for the two limiting cases indicated in Eqs. (3.9a) and 

(3.9b) as a function ofD / L* or D / L~ in log・ log scale, we can obtain a diagram 

(heavy solid lines) as shown in Fig. 5.1: From Eq. (3.9a), 

庁 I logl D三f
logユ＝ ~ 1 D 
σM l一一log一一 D>L 
u l 2 -Lや

(5.la) 

Also, from Eq. (2.15), the deviation σF of the difference processι（x) is 
D 

expressed and its logarithmic expression as, 

σD - 1σι － L＊ σFD 
DσDσ.. L* 

ff ff ff 

σ~ n σ－ 
log一ι＝－log二士＋log一二E士
σff L' σ！IL' 

From Eq. (3.9b), 

I logl D $_ L~ 
σn I 

log一ι ＝ ~
σrr I-log-;;;- D > L,., 
'' I L . 
l F 

(5.lb) 

(5.2a) 

By using L~ = .［；－σFF IσF (see Eq. (3.8)), the deviationσιof the difference 
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processFD(x)is expressed and its logarithmic expression as, 

σD 1σFD L~ σFD - L~ σFD 
-;;;; = [5－；；ー一五百三－n-;;;12

。~ n σR 
log－ι＝－log弓一＋log一二立？
σff LF σ＇pp'¥/2 

10 

Difference Deviation (B axis) 

σn 
____:1?__ ( I) 
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Due to Eqs. (5. la) and (5.2b), along a straight line making a 45 degree 

with the horizon凶 axislog D / L* or log D / L~ in Fig. 5.1, the value ofσ D 

is constant and hence, the axis of B of logσI;' Iσf  or logσv IσPP.J2 can 
• D JJ • D • • 

be constructed. 

A set of eight samples of the exactσD -D relationships are also plotted 

in Fig. 5.1 (dashed curves) using the particular forms of the correlation 

function for the original process f(x) which are designated as司rpes2 and 3, 

respectively in Tables 4.2-1 and 4.2・2for Case II, and as司rpes1, 2, 5 and 6 

in Table 4.1・1for Case I. 

It can be observed from Fig. 5.1 that all these curves asymptotically 

approach the heavy solid lines in the ranges where D→OandD→oo, and 

that in the intermediate range ofD, the heavy solid lines tend to represent 

the average or upper bound trend of all the dashed curves. Using a diagram 

as shown in Fig. 5.1, the co町elations叫 eL*or L~ can be de伽 minedfror吋 ie

lengthDat the intersection of heavy slid lines in Fig. 5.1 if such a diagram is 

constructed as a function of Dusing the variances (or deviation) estimated 

from observed data (see Chapter 6) . 

It should be noted here that all the pairs of correlation functions and 

power spectral density functions indicated in Tables 4.1-1, 4.2-1 and 4.2・2

except司rpes1 and 2 in Tables 4.2-1 and 4.2・2have at least first order 

derivative processes. Hence, they are used as the correlation function or 

power spectral density function of the homogeneous process not only F( x) but 
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also f(x). The correlation scale L~ are obtained by interpreting the correlation 

functions as those of the integral processF(x). 

As shown in this example (Table 4.2・3),we must classiちrthe original 

process f(x) into two cases (Case I and Case II) to obtain a physically 

meaningful correlation scale for the stochastic process f(x). In this sense, a 

real phenomenon may be modeled by the Case I process, the case II process 

or the combined process of the Case I and Case II process. By appropriately 

combined process of the Case I process and Case II process, we can construct 

a more sophisticated homogeneous stochastic process model (two dimensional 

stochastic fields, Chapter 7) which may be able to more accurately represent 

real phenomena. 
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6. PRACTICAL ESTIMATION PROCEDURE 

AND NUMERICAL EXAMPLE 

In this chapter, to illustrate the most important aim of this study that 

the correlation statistics (correlation scale) is estimated from observed data 

without using the correlation function (Chapter I), we describe a practical 

procedure for estimating the correlation scale from finite length observed 

data with numerical example. 

6.1 Practical Estimation Procedure 

The procedure is as follows (see Fig. 6.1): 

(I) From a set of observed data, estimate the mean value 而andvariance 

-2 σ ff’ 

(2) Obtain a set of averaging process data for several large values ofD 

and calc山 tethe variance 1i；仕omthem, 

(3) Plot a set of averaging deviation ratio a-D /a-ff on a log・ log scaled graph 

as a function of D , 

(4) If the estimated deviation ratio 0-D /a-ff follows straight line I, 

determine the correlation scaleL* from the lengthDofthe intersection 

between horizontal line and straight line I. If the ratio a-D /a-ff follows 
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straight line II, determine the correlation scale L~ 仕om the length D 

of the intersection between the horizontal line and straight line II. 

Step 

1(><) 

(1)・一一－－

f0t(>C）すm
(2）・一叫ん仰叫A～4

loa；.島
(3）・ー…

OI 

日s
L『02... 
ua ，......－ーー一－、

f回｛幼す臨

t。。D
L• Da Da Da 

CASE I 

(4）一－－ーー・・・・・ IFCASE I→ L・

百toff 

f回（X) 官凶

1 toa；.島 H 

。 ．－ー－ logO 
Lj Da Da Da 

CASE JI 

IF CASE II→Lf: 

Fig. 6.1 Practical Estimation Procedure of the Correlation Scale 

6.2 Numerical Example 

A numerical example is based on digitally simulated stochastic data 

using the following equation (Shinozuka and Yang (1972)): 

f(x) = J2t~2St／凡）dκ cos(,,;;nx+on) (6.2・1)

where t9 n is the random phase angle uniformly distributed between 0 and 2π， 
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dκ＝九 ／N，κη ＝ndκand九isupper cut-off wavenumber where 81／κ也） is 

approximately zero. 

For numerical example, the following data are used: 

司rpe1 in Table 4.2・2(Case I) with b = 31.636m, 

九＝ lrad/m and a}1 = lm. 

By using these data, a sample function of f(x) is shown for the distance of 

2,000 m in Fig. 6.2・1.

1.0 

0 

-1.0 

1000 

Distance in M 

Fig. 6.2・1Sample Function of f(x) 

2000 

For D =200, 300, 400, 500 m, the variances a-1 are calculated and the 

resulting deviation ratios a-D ／勺areplotted in Fig. 6.2・2. From Fig. 6.2-2, 

L* is estimated to be about 56 m. In fact, in this numerical example, the true 

correlation scale L* = b.f; = 56.07 m . 
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Statistical 6.3 

Estimates 

To establish the quality of the estimator, we will use two principal 

(6.3・la)

factors in this study：“unbiased”and “consistent”， that is, 

unbiased E[<fa] ＝ゆ

(6.3・lb)consistent 
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whereE［ゆ］is expectation of¢ being an estimator for the parameter¢ . The 

analysis procedures that follow are basically based on those by Bendat and 

Piersol (1971). 

(1) Mean Values 

Consider the sample record/(x)from a homogeneous stochastic process 

over a finite lengthD0・ Themean value can be estimated by 

D" 

而＝古71榊 (6.3・2a)

and true value is 

m = E[J(x)] (6.3・2b)

Then, the expected value of而is,

E[m] ＝古fE[J(x）］批 ＝m (6.3・3a)

Hence，而isan unbiased estimate of min accordance with Eq. (6.3・la).

The variance of mis expressed as, 

Var[m] = E［（而－m)2]= E［而2]-m2

Introducing the covariance function C Jj （と）of/(x)as,

CJj（ご）= E[(J(x ＋と）－m)(J(x)-m)]
= RJj（ご）－m2

RJj（と） = E[J(x ＋と）｝（x)]

(6.3・3b)

(6.3・3c)

Then, the variance of而iswritten in terms of the covariance function as 
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follows, 

。，u
rr
、
，a
 

C
M吐い
r
。4
m
 

、‘，／司
4

r
g
 

Mrtd 
t
h吐
～r
t’
 

E
 

D
A
－
－
 

D
A
I
J
0
 

1

一再一
一－m
 
r
 
a
 
v
 

＝剥c尚一山 (6.3・3d)

＝丈1Ji一時（。
In deriving the above last equation, we change the region of integration仕om

（ιι） to <e,e2) byご＝色－ι，de=dも.Then, the integration yields, 

J J 0u(e1 －ι'1e1de2 = J J cu（仰と2+
J Jen桝 de2。。

= J (no＋と）cu（と）de+

J (noー0匂（ご）
＝サ［1－習い（ご）d

(6.3・3e)

ForD。→ oo,the above equation is written as, 

州＝託り（と） (6.3・3£)

Hence, V叫元］appr叩 heszero asD0→oo , indicati時出at伽 aconsistent 

estimate of the mean value m . 
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(2) Variance 

Since the mean value can be estimated unbiasedly and consistently by 

Eq. (6.3・2a),we consider the stochastic process f(x) with zero mean and 

variance a}/" The variance of](x)and the true variance a;, may be estimated 
by, 

δ｝＝訪2(x)dx
(6.3・4)

σ；， = E[J2(x)] 

Theほ pectedvalue of the estimate弓is,

E[a;,] ＝土｛E[J'仰 (6.3・5)

Hence，弓isan unbiased estimate ofa;, in accordance with Eq. (6.3・la).

The variance of弓is叫 ressedas, 

川1]= E[(u;f州＝E[ap1 ]-ap1 
＝古J{(E[J'帆

(6.3・6a)

Assume now that f(x) is a Gaussian stochastic process. Then the expected 

value in Eq. (6.3・6a)can be expressed in terms of second order statistics such 

as (Bendat and Piersol (1971)), 

E[J2 （~1)}2 （~2)] = 2吟（む一ι）＋σ； (6.3・6b)
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(6.3・6c)

Substitution of Eq. (6.3・6b)into Eq. (6.3・6a)yields, 
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For largeD。→oo, the variance becomes, 

(6.3・6d)吋 ｜＝註吟ω

Thus 伽5~1estimated by Eq. (6.3-4) is a consistent estimate的 ：，because 

Var [ a:1] approaches zero as D。→ooassuming a finite叫 ieof the帥 gral.

Correlation Scale (3) 

For the reason that the mean value and variance問 mators而andδ；
off(x)are unbiased and consistent estimates of/(x) as shown in prior items 

(I) and (2), we restrict our attention here to processes with zero mean and 

unit variance. Then the correlation s叫 esL* and L~ may be estimated from 

(6.3-7a) 

Eqs. (3.9a) and (3.9b) as, 

L=Dδも

(6.3-7b) ι＝ DaD 
and 

whereδ；is a variance estimate of the averaging process ]D(x) of ](x). It is 
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estimated by, 

帽 D。＋D/2 1 D0 

a~ ＝ す七万 J J~ （x)dx ~ 士IJ~ （x）む
~o ~ n0-D/2 ~o o 

(6.3-8) 

In Eqs. (6.3・7)and (6.3・8),Lorι 《 D《 D0is assumed. 

The expected value ofu1 is, 

E[a；ト去｛El忍ゆ
whereσ1 is the true variance of the averaging process fn(x). Hence, the 

expectation of L andιare given by, 

E[t:] = DE[ab] = Dσ；＝ L* (6.3・9b)

and 

E［ιトDE［む］=Dσn＝ι (6.3・9c)

制＊．．＊

Therefore, L andLF are the unbiased estimates ofL andLF’respectively. 

Next, the variance of ab is given by, 

内，“、、l
・・1
’J

2

～
 

内，“
T

’L
Nσ
 ，，，E
・E・－、
E
 

一一
n
，“
T

’L 
“

σ
 
r
 
a
 
v
 

(6.3・10)

角＊向。ド

Then the variances of L and LF are expressed such that, 

Var[EJ = D2Var[a1] (6.3・Ila)

and 

Var［引＝Dz丙同 (6.3-llb) 
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Similar to Eq. (6.3・6d),Eq. (6.3・10)can be written for large D。→∞，

川；ト註吃ω (6.3・12a)

whereRゐ（と）is the correlation function of fn(x) given by 

Rι（と）＝E［ゐ（x＋と）ゐ（x)]

＝会x+JD
- JJ D 

＝主fわ 日 －術的
1引 ｜又｜し
＝百／1 1 ーイ－ 1R1／ご ＋ご。）d€o
一－JJ¥ - I 

If the infinite integral process F( x) off ( x) is homogeneous, R_ι（ご）isgiven by 

(6.3・12b)
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whereRFF（と）is the correlation function ofF(x）・ ForLorι 《 D《 D0,Eqs. 

(6.3・12b)and (6.3・12c)may be written as, 
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(6.3・13a)

and 

引）＝走馬1i'（と）

From Eqs. (6.3・12a),(6.3・13a)and (6.3・13b),the variance ofa1is given by 

(6.3・13b)
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(6.3・14a)

and 

川；｜＝ヰ4£ R'J;,F(e) for 81/0) = 0 (6.3・14b)

Hence the variances of the correlation scale estimates are from Eqs. (6.3・lla)

and (6.3・llb),

ハU1
 
、、．，fnu 
〆’l

、
r
f
 

i
J
 

Cυ r
 
o
 

p＋
i
 

「
F

、
，a
 

q，白

、‘ZE
・E・－EE
・E・－．．．
 
，r 

nu 

f
r

、
，a
 
、．． ／ nu 
rζ ＋
 

戸
、
／
l

‘、
2
1
 

4
J
 

R
 

∞

f
二

，，SEE
－－E
・E・－E
・E・－‘‘、

∞

fd切
2

一D
o－－

 FU
 
r
 
a
 
v
 

(6.3・15a)

and 

叫ト峠ドω for 81/0) = 0 (6.3・15b)

Thus, Landιgiven by Eqs. (6.3-7a) and (6.3・7b)are consistent estimates 

。山ndヰsinceVar[E] and V叶ι］approach zero叫→oo Eq則 on

(6.3・15a)is identical with that derived by Vanmarke (1983). It should again 

be noted that Eqs. (6.3・15a)and (6.3・15b)are derived from the assumption 

that f(x) is homogeneous Gaussian processes with zero mean and unit 

variance. Hence the correlation functionR/f（と）inEq. (6.3・15a)is normalized 

withR1/0) ＝σ；＝1. 
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CORRELATION SCALES OF TWO DIMENSIONAL 7. 

FIELDS 

of two scales correlation the discuss vu n
 
e
 

．，A
 r
 

L
U
 

we chapter, this In 

dimensional stochastic fields by extending the procedures developed in the 

dimensional of two examples numerical also, And chapters. previous 

stochastic fields and correlation scales using the 3 separable two dimensional 

power spectral density functions in order to visually illustrate the correlation 

scales and patterns of two dimensional stochastic fields. 

Variance of Averaging Process 7.1 

For the original homogeneous stochastic field f ( x, y) with zero mean and 

variance a~1 , the averaging fieldι（x, y) may be defined as, 

(7.1・1)

D D 
x＋で了y＋でア

ゐ（川）＝~ J~ f仇仰dv
D D 

of the x and y distances the where A = D D and D . D are 
x y z’ U 

averagmg 

coordinates, respectively. 

Introducing the following indefinite integrals, 
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r Fz(x,y) 
Fz(x,y)= / f(x,y)dx or 一τ一一＝f(x,y) 

<J ax 

F/x,y) = J f(x,y) δF..(x,y) 
or ーで一一＝f(x,y) 
ay 

fθ2F(x,y) 
F(x,y) = / f(x,y)dx or －一一一＝f(x,y) 
J δx8y 

(7.1-2) 

If they are homogeneous, the power spectral density functions of乙（x,y),

~（x,y)andF(x,y)are given by, 

S＂（κぃκ判）
SF]_ （κz，ヘ） = JJ ：百
占ゐ κ 

s （κ引 κ）
SFF （κz，円）＝ JJ ~ y 
y y w κ“ 

s （κ，，κ） 
Bpp（κz，κy) = JJ 2 ~ y 

fも f'i,
Z 官

(7.1・2)

whereS11（κz，κY) is the power spectral density function of f(x, y). As is well 

known, Sf!（κz，κY) is related to the correlation function Rf! （とが丸）through the 

Wiener Kintchine transform pair, 

s＂川）＝」τ；；Rff(e.
(2π／一∞一∞

(7.1・3a)

ろに必）= J J Sf!（い
-c回一00

whereκz，κYandι，らarethe wavenumbers and the separation distances of the 

x and y coordinates, respectively. By taking into account the relations, 
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R11(ex,ey) = R1/-ex,ey) 

R11(ex，ーら）=Rf！（－ι，ey) 

Eq. (7.1 ・3a) is also expressed as, 

いdκy）＝~j j R庁（ごx'e＇百
(2πl一∞一∞

ろ（仏）＝J J 81／κ；x,Ky）吋仏＋仏炉〈
-oo-c同

(7.1・3b)

(7.1・3c)

Similar to the discussions in chapter 2, the integral processesえ（x,y), 

FY ( x, y) and F( x, y) are not always homogeneous. The conditions of homogeneity 

of the integral processes depend on the behavior of the power spectral density 

function S ff （κz’K,Y) of the original process f(x, y) at the origin ら＝ K,y = 0. 

Using asymptotic expansion of cos（κzι ＋κん）， Sf／κ＇x' K,Y) can be expressed 

as, 

官（κxex＋κん)2I 
s （κ八）＝ ~τ 川ιι， ~JI.. 214 '1 v 
JJ H π）＂／， JJ " y I （κzι＋仏r1 I 町

一…

1-~~~t~.：. （~，«，）＇ +] + 
ff n 付 r 、｜｜（仏)4+ （仏)4+

一両2JJ Hf／＼＜，，：川 ｝ 1~16(/'i,xとんと·yt+ lム

(7.1 ・4a) 

dミxdミ百

4! 14（仏)3（κん）＋

2（κゐ)3（κx~x) + 
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If the process is quadrant symmetry, i.e., R11 （ι， ~y) =Rf！（ι，ーら）， Eq. (7.1 ・ 

4a) is expressed as, 
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τb simplify the analysis that follows, we will consider the quadrant symmetric 

process. 

From Eqs. (7.1・2)and (7.1・4b),the conditions of homogeneity of the 

integral processes Fx ( x, y), FY ( x, y) and F( x, y) are summarized as follows, 

Case 1: S1/0, 0) ~ 0凡（x,y),FY(x,y) and F(x,y) are all nonhomogeneous. 

Case 2: S1/0,0) = s;(o,O) = S1jJ(O,O) = 0 F(x,y) is homogeneous. 

Case 3: Sff(O,O) = S1jJ(O,O) = O,ands;;(o,o) ~ o Fx(x,y) is homogeneous. 

Case 4: Sf/(0,0) = S;t(O,O) = O,andSJJ(O,O）エO FY(x,y) is homogeneous. 

wheres;(o,O)andSi.J'(O,O)are the second derivative values ofS11（～＂＇u) at the 
origin given by 
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。23（κ引 κ仰）
s::(o,o)= 11 ~ v 
,, aκ：； I～＝κ円

＝－」~ 11 と·；R （ι，ι胤 dご”
(2πY ~o。ご：。必 H 占 II w II 

δ28，，（凡3凡）
S~f (0,0) ＝ ベfy 
。κ抑｜～E～．。

＝－」~r1 と~：R，，（付同：，，.d(
(2πy ~00 ~00 II JJ w II w II 

(7.1・5) 

Similar to Eq. (2.14a), the varianceσ；of・！A(x, y) is given such that, 

ぺ＝ff Sf!（κz，κU戸κxdκU
(7.1・6) 

＝ ~11.fi剖［1与ドωιdら
For Case 2 where F( x, y) is homogeneous, Eq. (7. l ・6) becomes 

6 oo oo Sf!（κがおy){ κD )2 I D 12 
σ；＝玉LLK；κ；！sinγ｜｜討nγ

(7.1 ・7a) 

唱内 00 00 f 1一cosκDll l一cosκD｜ ＝去f£ spp（川）｜ ~2 xx " 2官官十〈

＝会££sFF（九%）じなまr弓＋い
＝会（RF/i'(O,O)+ RFF（叫 ）－RFF削

In the derivation of Eq. (7.1・7), the following Wiener Kintchine relationships 

for a quadrant symmetric stochastic fields is used, 
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ら川）＝」J1 Rf! （付）…x{cc吋yd~xd~y
(2π） -oo一00 x y 

(7.1-7b) 
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For Case 3 whereFx(x,y)is homogeneous, the variancea~given by Eq. (7.1・6)

2 

dκdκ 
Z 官叶rzz ~~）［sin~ri~ 

IS 

(7.1-8) 

For Case 4 whereF/x,y)is homogeneous, the variance a~ given by Eq. (7.1-6) 
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(7.1・9)

2 

dκdκ x y 

κD  
sin~ 

叫 ｜τ三一
2 

o
 
c
 

寸よ

”nv 
κ
 

’M
V
 

F忍F
z
 

cu 

p
s
，J
一

f
J

一

d
一D
U

一一
2

A

 

σ
 

56 

IS 



7 .2 Definitions of Correlation Scales of Two Dimensional 

Processes 

WhenDx =DY→0, the variancea~given by Eq. (7.1・6)approachesσ｝ 

since the window function in Eq. (7.1・6)approaches one. That is, 
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for Dx =DY→O (7.2-1) 

-c泊－c白

On the other hand，伽DX=Dy→oo , the varianceσ·~ takes the following 

forms depending on the behavior of the power spectral density function 

Sff （κz ’ ~Y)off(x,y)at the origin. 

For Case 1: from Eq. (7.1・6)when Dx = DY →∞， 

σ；＝立Ill乎n苧rら（を号）伽dり
＝古川o,o)n~r du l[乎rdv 
＝古11Rff （とがら ） dιd~y

(7.2・2a)

For Case 2: from Eq. (7.1-7a), 

σ；＝共τRpp(O,O)＝十生ァ；F
IDD I IDD I 

for D = D →∞ x y 
(7.2・2b)

whereσ；'Fis the variance of F( x, y) . 
For Case 3: from Eq. (7.1・8),
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σ；＝（妥I土zz叶z，号］（1一cosκ
＝（妥）去zsιι（κx,o)(l一co dκ.Zf乎）＇dv

(7.2・2c)
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whereRFF （ι） is defined such that, 

(7.2・2d)
RFXFX俳去1RFXFX (ex' ey 

(7.2・2e)SFF （κx' 
L/lr "' 

then 

(7.2・20

The inverse transform reclaims 

RFXFX （ι）＝ J sιι（κx,O)cosκμκz 

(7.2・2g) for D = D →∞ x y 

from Eq. (7.1-9), 

什~r~ RF,F, (0) 
For Case 4: 
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Rfi'fi' （と）＝会7Rfi' Ti' (e.,,e.同管
-x-x " zπ o.J -y-y - " -
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Summarizing the above Eqs. (7 .2・1)and (7.2・2),the correlation scales of 

f ( x, y) can be defined as follows. 

For Case 1: 

与＝~ A 

<Ill lA(=Dx弓）

D =D→O x y 

D =D→∞ x y 

(7.2-3a) 

where A* is the correlation scale of for Case 1 defined by 

A＊＝去11ろ（ごx'ey)dexdey= ~sff (o,o) (7.2・3b)

For Case 2: 
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(7.2・4a)
D =D→∞ x y 

whe札 4;isthe cor叫 a伽 ls叫 eof for Case 2 defined by 
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(7.2・4b)

A: =2~ι ＝ 2_!_A~ 
fσff (2π)2 1' 

AF= （釘）2与
? /R ,.,(0, 0) 

= (2πy店竺三？
’Rpp(0,0) 

ff SFF(Kx刊）dκ〈

I f併 SFF（κA
= (2π）2 

84Rl"P （ι，€，，） 
R~r.(o,o) = r：七百
一 δζδむ ι＝も＝0

(7.2・5a)

D =D→O x y 

D =D→∞ x y 

L''3 
X1J 

D2D (= D3 ) 
y ¥ xy I 
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For Case 3: 

where L~ is the cor凶 ationscale of伽 Case3 defined by 

ら＝｜すzRF,F, (0, ~.Jd~， r 
(7.2・5b)JR日（κω伽 z

J J K;sF,,Fx (Kx,Ky"yi,κ〈

(7.2・6a)

D→0 

D→∞ 
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whereL:xis伽問削ationscale of for Case 3 defined by 

十｜今zRF,F, （ι叫3
J RFYFY (O,/'i,yfl,κu (7.2・6b)

J fκ；S~Fx （κx' /'i,y'yl,κ〈

If we consider the special case where D = D = D, the above results x y 

become so simple that the following results may be useful for the estimation 

of the correlation scales of f(x, y) using the graphical method indicated in 

chapter 6 for one dimensional stochastic processes. 

For Case 1: 

三相 (7.2-7a) 

where L* is the equivalent correlation distance of the correlation scale A* of 

f(x, y) defined by 

L =JA* (7.2・7b)

For Case 2: 

す＝｜（封一 (7.2・Sa)

where L~ is al叫 ieequivalent correlation distance of the correlation scale A; 
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of f(x, y) defined by 

ι＝[A; (7.2・8b)

For Case 3: 

1 D→0 

号＝｜（封 D→∞
(7.2・9)

whereL~is the correlation scale of for Case 3 defined by Eq. (7.2・5b).

For Case 4: 

1 D→0 

号＝ 1r~r D→∞ (7.2・10)

whe叫：xisthe correlation scale of for Case 4 defined by Eq. (7.2-6b). 
Although Eqs. (7.2・9)and (7.2・10)have the same form with respect to 

the separation distance D, it is easy to distinguish them. In fact, if we select 

a rectangular area whereD = 4D = Dfor example, from Eqs. (7.2・5a) and 
x y 

(7.2・6a),a difference appears between Eqs. (7.2・9)and (7.2・10)such that 

4(L~ I D)3伽 Case3 and16（ら／D)3 for Case 4. By出isdifl伽 en民 wecan 

distinguish between Case 3 and Case 4. 

In Fig. 7.2・1,the approximate relationships betweenσA and D given by 

Eqs. (7.2・7)to (7.2・10)are shown by solid lines. In the same figure, three 

examples of exact relationships Eqs. (7 .2・llb),(7.2・12b)and (7.2・13b)are 

plotted (dashed curves) using the following particular forms (separable types) 
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of the correlation function or power spectral density function which satis命

quadrant symmetric condition. 

It can be observed from Fig. 7 .2・1that all these curves asymptotically 

approach the solid lines in the ranges where D→OandD→oo, and also that 

in the intermediate range ofD, the solid lines tend to represent the upper 

bound of all the dashed curves. 

o＼d向。04けMeH凶20叶以伺吋〉ω白hug－明切伺Mω〉伺

Rd 
司ム－
nu 

0.1 

0.2 o.s l 
D 

Distance Cl) L＊’ 

5 10 
D D D 

(2) !.F ＊’ ( 3) ！：~ ，’（ 4) Ly 合

Fig. 7.2・1σA-D Diagram for 1¥vo Dimensional Process Where 

D=D  =D  
x y 

(Solid Lines: Approximation, Dashed Curves: Exact Solutions ) 
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In the following examples, we assume D = D .. = D, b = b .. = b. x 11 x 11 

Power spectrum for Case 1: 

＝三b2引 (7.2・lla)

The exact variation is obtained企omEq. (7.1-6) such that 

（号r= [%J[1十ff （~）d

＝ （よ［%） s問十［%J'[•xp[

s［竿l= 2~［宇］ － 1

(7.2・llb)

where the standard normal distribution争（x)is used as, 
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(7.2・llc)

and 

, Ji.D/b 

Je州d~ ＝右 f 山 dt

＝手［；骨（ぞ

＝ ~Br宇）

(7.2-lld) 
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Power snectrum for Case 2: 

ら（凡寸山（一件］＇－［与rJ
ら （侃κ

ら （ιυ＝千b4引守r一（与） 
2 

） 
A；＝叫 ＝lZ=b 

The exact variation is obtained from Eq. (7.1・7a) such as 

＝（会f[1叶
Power snectrum for Case 3: 

b＝向万
The exact variation is obtained from Eq. (7 .1・8)such as 
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(7.2・12a)

(7.2・12b)



（号r= ［よ（RFxι（0）一hι（哨｛［1一%］勺ω
＝同1-exp［－問））×
（伶H宇HM[exp［叫i]]

s［半］＝ 2~［苧］ － 1
Power soectrum for Case 4: 

This Case is same form of case 3 by changing the coordinates x, y . However, 

sinceD = D = D,b = b =bis assumed in this example, The exact variation , x y 

is same to Case 3. 

v十；ほp［一件］＇－［子rJ

SF,F, (1<,) =£.exp［－［引い（κ）十p［一同l{ -lA) 
ポ）＝叶一件）ド…
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7.3 Numerical Examples 

In order to visually illustrate the correlation scales and patterns of 

spatial variation of f(x, y) , we present in this section some numerical 

examples simulated by the following equations for quadrant symmetric 

processes (Shinozuka and Harada (1986)). 

的，y)= ./2 t.t.~28/f (" ..，κUπ 
~t ：－［：：~：·： ::: y ＋町mn）十） $Ix - K,1111 y十円mn)J (7.3・1)

κ 
dκ ＝一旦 ．
x M ’ 

κ 
dκ ＝ 」~ .
y N ’ 

κ ＝mdκ． 
x z’ 

κ ＝ndκ 
Yn Y 

where (}lmn and鳥mn are independent random phase angles uniformly 

distributed between 0 and 27r. The parametersκandκare the upper cut 
四 yu

off wave numbers ofκz and κU’respectively. 

Examole 1: This example is for case 1 using the power spectrum given by 

Eq. (7.2・Ila)together with following data; 

σff= lm，九＝lm，九＝1/hm
M=N=64，κ四＝κyu= 2πrad/m 

A sample function of f(x, y) and the size of the correlation area A* in this 

example are shown in Fig. 7.3・1.In Case 1, the correlation areaA* defined by 

Eq. (7.2・3b)may signify that the correlation of is extremely high within the 

size of this area A本（＝π九九＝2.22 m2）・
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Correlation Area. 

A’＝－2.22 （皿沼n)

Fig. 7.3・1Sample Function of f(x, y) for Case 1 

Examvle 2: For Case 2 using the power spectrum of Eq. (7.2・12a)m 

conjunction with the following data; 

σ万＝ lm，九＝九＝π／sm 
M =N  =64.κ ＝κ ＝4πrad/m 

’ XU yu ’ 

In Fig. 7.3・2,the size of the correlation area A; ( ＝九九＝0.4 m2) in this 
example and a sample function are shown. For Case 2, the correlation area 

A; defined by Eq. (7.2・4b) may also be useful for時間sentingthe size of area 
within which highly correlated observations are made. 

68 



ιの

炉

心〆0
．4ι

Correlation Area 
Pj."'O. 40 (mxm) 

Fig. 7.3・2Sample Function of f ( x, y) for Case 2 

Examole 3: This is an example for case 3 using the power spectrum given 

by Eq. (7.2・13a) with following data; 

σff = l.24cm，九＝1.131×103m，九＝3.012×103m 
M=N=64噌 κ ＝10 I b = 8.84×10-3 rad Im 

’ XU ’ Z ’ 

κyu = 10 /by = 3.32×10-3 rad/ m 

The悶 ofthe corr 

example and a sample function of f(x, y) are shown in Fig. 7.3・3.In this case, 

relatively rapid variation along the x axis is observed, compared with the 
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variation along they axis. To represent this variation along the x axis, the 

correlation distanceL* defined by Eq. (7.2・5b)may be appropriate. However, 
xy 

the correlation distance along they axis is not defined, and the size of 

correlation areaA*(= L*2) is quite vague in Case 3. 
xy 

For the separable power spectrum of this example, the correlation 

distances along the x, y axes can be defined such as, 

L~x ＝九＝1.131×103 m, L: = f;-by = 5.448×103 m (7.3・2a)

Using the above definition, the 問削ationdis加 1叫；Yis expressed as, 

ら＝(J;-仇r3＝（弓L:r3
＝（（問）2×凶t3＝凶97.4m 

(7.3・2b)

The correlation distance L* is about 1. 7 times longer than the correlation 
xy 

distanceι. By observing the variation in Fig. 7.3・3，抗 maybe sui帥 leto 

＊ 

use the correlation distance LE;, along the x axis and the cor叫 ationdistance 

L:al叫 theyax瓜respectively.
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Fig. 7.3・3Sample Function of f(x, y) for Case 3 
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8. SOME NEW APPLICATION EXAMPLES OF 

CORRELATION SCALES 

In this chapter, we will show three examples of application of correlation 

scales; (1) Peak mean factor, (2) Seismic relative ground displacement 

between two locations (Seismic ground root mean square values between two 

points), (3) Upper cut off wavenumber of power spectrum density function. 

8.1 Peak Mean Factor 

As briefly described in Section 1.2, the correlation scale has been 

successfully used in many engineering fields as a measure of approximately 

obtaining the equivalent number of independent observations from stochastic 

process data with finite intervals. In the context of this interpretation of 

correlation scale, we present here a new approximate observation of the 

probability distribution of maximum values of stochastic processes. 

In many applications of stochastic process theory to the analysis and 

design of structures, a central question is as follows: What is the absolute 

maximum value off(x) with zero mean over the range 0:::; x:::; L where the 

correlation function or the power spectral density function is known. If the 

absolute maximum value Y is expressed as pσff, where σg is the standard 

deviation off(x), and p is the peak stochastic factor, the mean and standard 

deviation of p is given by Davenport (1964) as, 
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Ep ＝叶
(8.1-Ia) 

where L1 is the apparent wave len郡hdefined by 

ム＝ 2π立＝ 2π ＇－~＝
J a"ii ・v R;(o) 

J 81／＇巾
-c泊 (8.1・lb)

κ
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 -oo 

Equations (8.1・la)and (8.1・lb)assume the existence ofL1 defined by Eq. 

(8.1・lb).However, the derivative f'(x) of f(x) over does not exist when 

81/0) :;r: 0 (Case I process). In this case, the above equations are useless. 

Hence, we need another stable expression for the peak factor. The following 

equations for peak factors are based on the combination of the largest value 

distribution function (the first type) and the correlation scales A an C in Table 

1・1.

For the probability density function of the local maxima X (local points 

of a homogeneous Gaussian process, the general expression is well known as 

(Cartwright and Languet・Higgins (1956)). 

制）＝土e斗£）＋
平均［－6ド問 (8.1・2) 
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WhereF%（引sa normal distribution function and εis the irregularity factor 

and lies between 0 and 1. For ε＝ 0 (completely narrow band process), the 

first term vanishes and Eq. (8.1・2)reduces to the Rayleigh distribution such 

that 

(8.1・3a)

with distribution function 

府）＝1-exp［剖 (8.1・3b)

For ε＝ 1 (completely wide band process), only the first term remains and 

Eq. (8.1-2) becomes a Gaussian distribution with zero mean and varianceσ2 

such that 

山）＝式exp［一手） (8.1・4a)

with distribution function 

F: (y) ＝志士p［卦u (8.1・4b)

The relationship between the local peak probability density functionfx(Y) 

and the homogeneous (ergodic) process f(x) is schematically illustrated in Fig. 

8.1・1.
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Band糊dth Sample Functions Peak Value Distributions 
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Fig. 8.1・1Schematic Illustration of Sample Functions and Peal Value 
Distributions 

On the other hand, using the exact distribution functionFy(y)for the 

greatest peak values among(X1,X2，…Xn) that are statistically independent 

and identically distributed withFx(y)as the initial variate such that 

与（y)= Pr(Y臼）
=Pr（毛三y,X2~ y, ,Xn ~ y) 

＝（ろ（y））π

(8.1・5)

We may have an approximate distribution function for the “greatest peaks”of 

the stochastic process f ( x) over the range 0 :::; x :::; L when in Eq. (8.1・5)we 

interpretι（y) as the distribution function of the distribution density function 

given by Eq. (8.1・2)with n given as follows: 
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(8.1・6a)

whereL* andL~ are the correlation scales (A and C in Table 1・1or Eq. (3.8)) 

such that 

L* ＝主1R1／~fi~ (8.1・6b)

and 

L~ ＝か＝本（寸）

叶イ制＝ム｜」い）dκ (8.1・6c)

。。

In Eq. (8.1・6a),the numbern signifies the equivalent number of independent 

observations contained in the interval L since the correlation scales L本and

ιare the m聞 uresof the highly co町elatedle昭 hoff(x）・

Finally, taking into account the fact that the peaks and troughs 

generally tend to appear as the same number over a五nitelength, the 

approximate distribution functionF:(y)for the absolute maximum value of 

f ( x) over the range 0 ~ x ~ L may be given by Eq. (8.1・5)with the following n 

instead of the n given by Eq. (8.1・6a):

L
一
本

7

2
一
Z

V
L
 
O
 

Z
一＊

L一
一n
 

(8.1・7)
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As is well known, for large n and exponential type initial function 

ι（y), Eq. (8.1・5)has the ’Type I asymptotic form classified by Gumbel (1958) 

such that 
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(8.1・Sa)

where un =the characteristic largest value of the initial variateX andαπ ＝ 

an inverse measure of the dispersion of Y which are determined by 

FJ((u.J = 1-~， α.， = nf J((u.J 
n 

(8.1・Sb)

The mean value E(Y) and standard deviationσYY of Y are also given such that 
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 (8.1・Sc)

σyy = -;;:J6 

As the two extreme cases whereFx(Y) = Fff(y)andFx(Y) = F% (y), Eq. (8.1・Sc)

becomes as follows. 

For a Rayleigh distribution ん（y)= Fff(y): 

_ E[YJー牟広てて 0.577215 
E[pJ－一一－"12 ln n + --r===ー
σ庁、／2lnn (8.1・9a)
π1  

σ ＝一下＝一τ＝＝＝＝
PP .../6 .../2 ln n 

When n = 1, Fy(Y) = Fff (y) from Eq. (8.1 ・5), then from the mean value and 

standard deviation of a Rayleigh distribution, the mean peak factor and its 

standard deviation are given by 
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時］＝乎＝~＂＂ 1.25 
(]"pp ＝号＝R"00.65 (8.1・9b)

For a normal distribution Fx(Y) ＝庁（y):

E[p] ＝旦ロ＝J2];;;;, _ In ln n十In釘＋目立主E
σ5 J2];;;;, J2];;;;, 

(8.1・lOa)
R ー σyyー π1
一一一－~pp - (]"ff - .J6 J2];;;;, 

When n = 1, Fy(Y) =Ff (y) from Eq. (8.1・5), then from the mean value and 

standard deviation of a normal distribution, the mean peak factor and its 

standard deviation are given as 

_ E[Y] _ O 
E[p］－一一一。

古

σ ＝S:x_=l 
pp 庁

u 詰

(8.1・lOb)
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Fig. 8.1・2Relationships between Mean Peak Factor and Independent Sample 
Size 

The mean peak factors given by Eqs. (8.1 ・9a) and (8.1・IOa)are plotted 

in Fig. 8.1-2. The dashed curves in Fig. by solid curves as a function of n 

8.1・2are the results from Eq. (8.1・5).From Fig. 8.1・2,Eqs. (8.1-9a) and (8.1・

For small value of n , Eqs. (8. l ・9a) and (8.1・n > 10. lOa) may be used for 

lOa) tend to give a larger value of E[p]. Since, for the intermediate values 

may lie between the two extreme of the irregularity factor, the value of E[p] 

cases (two solid curves and dashed curves in Fig. 8.1-2) with the Rayleigh 

distribution and normal distributions as the initial distribution, a simpler 

approximation may be appropriate for the mean value of peak factor: 

(8.1・11)
η ＞ 1.65 

othewise 
[p］＝血＝｛ぶ
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E[p] = ~ in Eq. (8.1・11)is also plotted by a solid curve in Fig. 8.1・2

indicating the approximate behavior of E[p]. 

It is observed from the above discussion that the mean vale and 

standard deviation of the peak factor p derived by Davenport (Eqs. (8.1・la)

and (8.1・lb))are identical with those of Eq. (8.1・9a)with that 

2L 1 2L 1 2L 
n 一一ー一一ーー一一一一ー一一一一一一一一一一一一－－
D - LF -.J2πι－ 4.443ι 

(8.1・12)

The scaling factor 1 / .J2πin Eq. (8.1・12)is due to the fact that, for narrow 

band process, the peaks and troughs tend to appear twice within the apparent 

wave lengthLF which is longer than 

as shown in Fig. 8.1・1.However, the effect of n on E[p] is not so sensitive 

that the difference is small between E[p] with n given by Eqs. (8.1-7) and 

(8.1・12)as shown in Fig. 8.1・2.In fact, for example, for n = 40 in Eq. (8.1-7), 

Eq. (8.1・12)gives nD = 40 / 4.443 = 9.0. From Fig. 8.1・2,the corresponding 

mean peak factors are read asE[p] = 2.9 forn = 40 andE[p] = 2.4 fornD = 9.0 

indicating little difference. 

In turn, 

n = 2L / L* may tend to give smaller values than the true number of peak 

values. In fact, for pure wide band processes （ε＝ 1) where the correlation 

function is expressed by the Dirac delta function, the correlation scale 

becomes a 白山 valueof 2n-S1/0) / a}1・However,within出isinterval 
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L* = 2πs11 (o) Iσ；， true peaks may tend to occur more than one. Hen民 the

mean value of the peak factor given by Eq. (8.1・lOa)with n = 2L / L* may give 

a lower value of E[p]. 

In conclusion, for practical use of the peak factor of the absolute 

maximum value off(x)over the rangeO ~ x ~ L, as a conservative mean peak 

factor, Eq. (8.1・9a)may be appropriate with n given by Eq. (8.1 ・7), and Eq. 

(8.1・lOa)with n given by Eq. (8.1・7)as a lower value of the mean peak 

factor. For more simplicity, Eq. (8.1・11)may be useful with n given by Eq. 

(8.1 ・7). 

8.2 Seismic Ground RMS Estimate 

In contrast to the earthquake resistant design of above ground 

structures where the inertial forces induced by ground acceleration are the 

main consideration, the spatial variation of the ground displacement is of 

primary importance for buried lifeline structures such as pipelines and 

tunnels. Consequently, the ground strains and relative displacements 

between two locations along pipelines play main roles in the seismic design 

of such buried lifeline structures. 

Since the seismic ground motion displacement at a time instance along 

pipe axis ( x ) varies with location, it is expressed as包（x).Therefore, the 

relative ground displacement uD(x) and the averaging ground strain εD(x) 

between two points with separation distance D are given by 
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un(x) = u(x + D / 2) -u(x -D / 2) 
噌 x+D/2 1 

εD(x) ＝去fε（ν）dy＝吉町（x) (8.2・1)

- x-D/2 -

where the relationship ε（x) = du(x) / dx between ground strain and ground 

displacement is used. 

By comparing the averaging process and difference process in Eqs. (2.1) 

and (2.3) with Eq. (8.2・1),the following correspondences are clearly observed; 

ε（x）←→f(x), u(x）←→F(x). From this analogy and Eq. (2.14), the deviations 

σE，σu of ground strainεn(x)and the relative ground displacementun(x) are 
D D 

given by 

σ ＝一一σ
€D D UD 

ペD = -};J2（九（0）一九（D)) (8.2・2a)

σu = J2（九（0）一九（D))
Also, from the relationship between apparent wavelength and correlation 

distance of Eqs. (3.5b) and (3.8), the apparent wavelength Lu and the 

correla伽 ls叫 e(distance) L: ofu(x) are given by 

σ 
L =2π」：！！...
u ’ σ 

εE 

L* ＝ 「~L
u J2・π 

(8.2・2b)

where σuu andσff are the deviations of ground displacement u( x) and ground 

strainε（x). 

Applying stochastic process theory, we can estimate therms (root mean 
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square) valuesσ叫 andσEof the relative displacements between two locations 
D D 

on a ground surface and the ground strain along the pipe axis at time instance 

D三え
(8.2-3a) 

D > L:L 

lv'2旦
」乙＝ ~ L 

I v'2 

from the following equations: 

(8.2-3b) 

日’
u
u
＜一D
 

D > L* 
u 

d
一f
ud
一D

σ 
c 
D -

σ 
也也

At now, two examples of exact solution ofヘ／σuuare shown as follows: 
D 

Tvne 1 of Table 4.2・1:For a power spectrum of strain, we use 

(8.2・4a)
い）＝会内2e-bli.I

7 sec（κ）dκ＝子：u2 
σ ＝ 
εE 

s （κ） 2 
S，，，，（κ） = ...:..2ァ＝三笠！...be-blιl
uu κ2 2・2!

Then, 

(8.2・4b)

凡（ご）＝σ：，，h
-- --b" + e 

The correlation scale ofιis given by 

(8.2・4c)ι ＝土［2で）＝土（寸］ ~b
As a result, the exact solution of凡 ／σ叫叫isgiven by 

回 D 凶凶
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Tvoe 2 of Table 4.2・2:For a power spectrum of strain, we assume 

い）＝千手κ4e一（b吋2)2

a;£= J 8££（κ）dκ＝シム
(8.2・5a)

Then, 

s （κ） σ~ b3 
s,,.71.（κ）＝_gτ一＝チ・---r=κい何／2)2

κゐ乙 2、hr
九（と）＝σ？叫（i一時／内4

(8.2・5b)

The ∞町relationscale ofιis given by 

；＝土［2セ）＝土（寸＝去 (8.2・5c)

As a result, the exact solution ofσ也＇DIσ叫 isgiven by 

~＝ 占（1一九（D)I九（的）

= ·2[1-[1 －~（n ／ ιl']ト十~（nIιl'] 
(8.2・5d)

From Eq. (8.2・1）， σ刷 andσcare related with the following equation. 
-n 】 D

σ ＝Dσ 
也D £D 

(8.2・6a)

Hence, 
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σ也D DσC:D D σC:D 

σ叫包 σ凶 ι （σ山 IL:) (8.2・6b)
σnσ  
log－包 ＝log与＋log ら 企

σuu L~ （σuu Iι） 
The above logarithmic expression is useful for graphical representation of 

relationship among the values of九＇DIσ叫，D/ L:andσCD I （σ幽／L:) as shown 

in Fig. 8.2・I.The solid lines in Fig. 8.2・1are the approximation given by Eqs. 

(8.2・3a) and (8.2・3b). The two dashed curves are the exact solutions of Eqs. 

(8.2・4d)and (8.2・5d) by using the type 1 of Table 4.2・1and the type 2 of Table 

4.2・2for the power spectrum of ground strain. 
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Fig. 8.2・1σUDIσ叫， D/ L: and σεD I （σ山／L:) Diagram 

To constructing Fig. 8.2-1, the parameters are only σ側 ofground 

displacement, the correlation distance ιand the relative distance D 

between two points on ground surface. More detail and field data analysis can 

be seen in the paper by Harada and Shinozuka (1986). 

86 



8.3 ・Miscellanea 

In a digital time (spatial) series analysis and simulation, we must 

determine the upper cut-off frequency凡（uppercut-off wavenumber九）above 

which the power spectral density function is considered to be zero. For this 

upper cut-off wavenumber凡，thespectral scales defined by Eq. (3.11) can be 

used as a measure of凡（κ1)suchthat 

＊ 

κ ＞κ 
叫ーー
or 

* I Z7r Z7r I 
κ ＞ κ~I 一一 or .：.ーlu －ー”・ 草 冨 t
. IL' Lt:' I 
．” i・

(8.2-7) 

In a stochastic finite element analysis where the material properties or 

boundary conditions are assumed to be stochastic, we face the determination 

of the finite element size corresponding to the randomness of the material 

properties in space. For this problem, the correlation scales may be useful as 

a measure of the relationships between the element size and the material 

randomness in space. 
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9. CONCLUSIONS 

In this study, we reinterpret the correlation scales previously defined in 

the literature from the viewpoint of the statistical analysis of observed field 

data. By considering the averaging process and the difference process, two 

typical definitions for correlation scales are consistently derived, and also new 

definitions for the same correlation scales are obtained which make it possible 

to estimate the correlation scales from variances easily calculated from 

observed field data. The statistical assessments ・of the estimation of 

correlation scales from the variances are also briefly presented. 

By extending the procedure for one dimensional stochastic process to 

two dimensional stochastic processes, the correlation scales (area) of two 

dimensional processes are defined and visually illustrated using a digital 

simulation technique. An estimation procedure for these correlation scales for 

two dimensional processes is presented. 

Finally some new application examples of correlation scales defined and 

reinterpreted in this study are briefly presented. They are the applications of 

correlation scales into (1) the approximate distribution of the maximum 

values of stochastic processes over a finite length, (2) the estimation of the 

seismic ground rms (root mean square) strain, (3) a measure of the upper cut 

off frequency in the digital time series analysis and simulation, and (4) a 

measure of the relationships between the finite element size and the material 

randomness in stochastic finite element analysis. 
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