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Development of Appropriate FEM Code

for Rearrangement Proccesses of Three Atomic Systems

Shinji Watanabe and Akihiko Ohsaki

Abstract

An appropriate FEM (Finite Element Method) code for the rearrangement processes of generic

3-atomic systems A+BC is developed. Chemical reaction, such as Cl + HD HCl + D, is a typi-

cal example of the rearrangement of generic 3-atomic systems. The hyperspherical coordinates are

used in order to carry out accurate 3-dimension quantum mechanical calculations. For total angu-

lar momentum J = 0, the coordinates of mass center and Euler’s angles are decouppled. Thus the

rearrangement processes are dominated by three internal coordinates ( , , ), and are solved with

relevant coupled channel equations in terms of the hyperradius . In order to calculate the coupling

elements of the equations, one must solve the eigen problems of the hypersurface ( , ) at fixed .

The hyperangle is a cyclic coordinate. The commercial FEM programs are not designed to treat

such a cyclic boundary problem. Therefore original appropriate FEM code is developed and applied

to D + H2,T+HD,Cl + H2 , and Cl + HD systems.

Key words : Finite Element Method, Chemical Reaction, Adiabatic Energy Levels, Three

Atomic Systems

1.

A+BC

1)
2)

DVR 1)2)

DVR

3

3

( , )

2

(FE)

Hs = E

J = 0



� � � � � � � � � ������
LSTH(Liu-Siegbahn-Truhlar-Horowiz) 3)4)

LEPS(London-Eyring-Polanyi-Sato) 5)6)

2.

Johnson7)8)

2.1 3

2.1.1

1 3

A,B C

( 1 )

A+BC *)
B +AC
C + AB

(1)

A (1)

B,C

Si si

Si, si

Si = di

"
ri

mjrj +mkrk

mj +mk

#
= diRi (2)

si = d
1

i (rk rj) = d
1

i ri (3)

di, , M

di =

µ
mi

¶³
1

mi

M

´¸1/2
(4)

=
h
mAmBmC

M

i1/2
(5)

M = mA +mB +mC (6)

i, j, k A,B,C

2.1.2

2 3 Si,si 6

6

Schrödinger

µ
h̄

2
( 2

S +
2
s) + V (Si, si) E

¶
(Si, si) = 0 (7)

2
S +

2
s 6

3 1

6

5

=
p
| Si |2 + | si |2 (8)

5 3

, , 2 ,

3

, ,

3

0 < (9)

0 /2 (10)

0 < 4 (11)

i, j

j = i 2 ij (12)

0 ij /2

ij = ji (13)

tan( ij) = mk/ (14)

| r0j r0i |=
dk
21/2

[1 + sin( ) sin( k)]
1/2 (15)

| r0B r0C | =
dA
21/2

[1 + sin( ) sin( )]1/2 (16)

| r0A r0C | =
dB
21/2

[1 + sin( ) sin( ²B)]
1/2 (17)

| r0A r0B | =
dC
21/2

[1 + sin( ) sin( + ²C)]
1/2 (18)

dk (6) ²i(0 ²i )

²B = tan
1(mC/ ) (19)

²C = tan
1(mB/ ) (20)

2.2

2.2.1 3

Schrödinger

(E T V ) = 0 (21)



������������������������� ��
2 LSTH D+H2
( = 2.0a0)

3 LSTH D+H2
( = 10.0a0)

4 LSTH T+ HD
( = 2.0a0)

E V

V = V ( , , ) (22)

T

T =
h̄2

2 5

5

4h̄2

2 2

½
1

sin 2
sin 2 +

1

sin2

2

2

¾

+
J2x

2(1 sin )
+

J2y
2(1 + sin )

+
J2z

2 2sin2

+
4ih̄cos

2 2sin2
Jz (23)

5 LEPS D +H2
( = 2.0a0)

6 LEPS Cl + H2
( = 2.0a0)

7 LEPS Cl + HD
( = 2.0a0)

LSTH LEPS

LSTH

( 2,3,4) LEPS ( 5,6,7)

2.2.2

Schrödinger

= 5/2 cos1/2 (24)

Schrödinger

H0 = E (25)



� � � � � � � � � ������
H = 5/2 cos1/2 H0

5/2 cos 1/2 (26)

H =
h̄2

2

2

2
+Hs (27)

Hs

Hs = U ( ) ( = 1, 2, 3, · · ·) (28)

Hs

Hs =
4h̄2

2 2

½
1

sin
sin +

1

sin2

2

2

¾

+
1
2

½
J2x

(1 sin )
+

J2y
(1 + sin )

+
J2z

2sin2

¾

+
4ih̄cos

2 2sin2
Jz

+
h̄2

2

½
3

4 2

1
2 cos2

¾
+ V ( , , ) (29)

( , ; ) U ( )

3.

2

J = 0

J = 0 (29) Hs

3.1 Schrödinger

3.1.1

( , )

( , ) =

nX
j=1

pjgj( , ) (30)

(30)

( , ) = {g}T {p} (31)

{p}, {g} pj , gj

n i

( i, i) i , gj ,i =

( i, i), gji = gj( i, i) ,i

,i =

nX
j=1

gjipi (32)

(32)

{ }e = [G]
T {p} (33)

{ }e ,i

e

[G] n n (33) (31)

{p}

( , ) = {N}T { }e = { }Te {N} (34)

{N} [G] [G] 1

{N} = [G] 1{g} (35)

3.1.2

2 (28) (29)

2

( , )

([K]e + U ( )[M ]e){ } = {0} (36)

[K]e, [M ]e

[K]e =

ZZ µ
2h̄2

2

³
{N} {N}T +

1

sin2
{N} {N}T

´
+{N}{N}TV

¢
d d

(37)

[M ]e =

ZZ
{N}{N}T d d (38)

{N} =
{N}

, {N} =
{N}

(39)

([K] U ( )[M ]) { } = 0 (40)

(40)

U ( ) { }

40



������������������������� ��
8 LSTH D+H2

9 LEPS D +H2

10 LSTH T+HD

4.

A+BC

(PES)

LSTH(Liu-Siegbahn-Truhlar-Horowitz)

LEPS(London-Eyring-Polanyi-Sato)

4.1
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(D+ H2 Cl + H2)
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12 LEPS Cl + HD

1 H3 LEPS

DAB DBC DCA AB BC CA

109.45 109.45 109.45 0.167 0.167 0.167

AB BC CA RAB RBC RCA

1.941 1.941 1.941 0.7413 0.7413 0.7413

2 ClH2 LEPS

DAB DBC DCA AB BC CA

106.50 109.45 106.50 0.187 0.167 0.187

AB BC CA RAB RBC RCA

1.867 1.941 1.867 1.2730 0.7413 1.2730

D; (kcal/mol), ; ,
; (1/Å), R; (Å)
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v
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17 LSTH D+ H2 =8
( = 2.0a0)

18 LEPS Cl + H2 =100
( = 2.0a0)

19 LSTH D+ H2 =1
( = 10.0a0)
DH(v=0,j=0)

20 LSTH T+ HD =9
( = 2.0a0)

21 LEPS Cl + HD =59
( = 2.0a0)
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