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§ 1. Introduction

Let t be a positive integer and let Qt be the group of order 4t given by

Qt = j x, y : x t = y2, xyx = y I,

the group generated by two elements x and y with the relations x t = y2 and xyx = y,

that is, Qt is the subgroup of the unit sphere S3 in the quaternion field H generated by
the two elements

x = exp(Tli/t) and y = j;

and Ql = 2 4 and Qt for t = 211I
-

1 (m ~ 2) is the generalized quaternion group which is de­
noted by Hili in [6] and [7].

Then, Qt acts on the unit sphere S4n+3 in the quaternion (n + 1) - space Hn+1 by

the diagonal action, and we have the quotient manifold

S4n+3/Qt of dimension 4n+3.

Some partial results on the reduced KO-ring KO(S4n+3/Qt) of this manifold are obtained

by [7], D. PiU [17], H. Oshima [16], [15] and T. Kobayashi [13]. Recently, T. Kobayashi
has determined the additive structure of KO(S4n+3/Q4) in [14]. In this paper, we shall de­
termine completely the additive structure of K'V(S4n+3/Qt).

Throughout this paper, we identify the orthogonal representation ring RO(Qt) with
the subring c(RO(Qt)) of the unitary representation ring R(Qt) through the complexifica­

tion c: RO(Qt)-R(Qt)' since c is a ring monomorphism (cf. (2.1)).
Consider the complex representations ao' al' a2 and bl of Qt given by

1

b (x) = (X 0 \
I 0 X-I),

if t is odd, (0 - 1 )
b,(y) = 1 0 .

if t is even,

Then

(cf. Prop.2.7),

where R1'5(Qt) is the reduced orthogonal representation nng.
Consider the elements

(1.1 )
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morphism (cf. (3.1». Furthermore, consider the folllowing subgroups of Qt:

(1.2) Go = Qr generated by x q and y, G
1

= Zq generated by x 2r ,

where t = rq, r = 2111
-

1
, m ~ 1 and q is odd. Then, we have the ring homomorphisms

i:: KO(S"ft+3/Qt) _KO(S"ft+3 /Qr)'

(1.3) ii: KO(S"ft+3/Qt) _KO(L2ft+l (q» (L2ft+l (q) = S"ft+3/Zq ),

i* : KO(L 2ft+l(q)) _ KO(L~ft+1 (q»,

induced from the natural projections i
k

: S4n+3 /Gk _S4n+3 /Qt and the inclusion i: L:ft+l (q)

_L2ft+l (q), where L:ft+l(q) is the (4n+2)-skeleton of L 2ft+l(q) the standard lens space

modulo q.
Then, we have the following

THEOREM 1.4. (i) The ring KO(S"ft+3/Qt) is generated by the elements ao' a
1
+a2 if

t = 1, ao' a
l

+ a2, 2PI and P~ if t ~ 3 is odd, ao' ai' 2P1 and P~ if t is even, respec­
tively, where ai' 2Pl and P~ are the elements in (1.1).

(ii) Put t = rq where r = 2111
-

1
, m ~ 1 and q is odd. Then, we have the ring isomorphism

n = i: EB i* it: KO(S"ft+3 / Qt) ~ KO(S"ft+3/ Qr) EB KO(L:ft+l (q»,

where i:, it and i* are the ones in (1.3). Further, there hold the equalities

n( ao) = ao' n( a l + a2) = a1 + a2,

n(2P
1

) = 2a
1
+ 2a2+ 2a, if t is odd,

n(pn = -4a~ - lOa: - 12a
l
+ a2,

n(ai ) = ai (i = 0, 1, 2),

n(2P
1

) = 2P
1
+ 2 (j, if t is even,

n(pn = P~ + (j,

where (j is the real restriction of the stable class 7] - 1 of the canonical complex line bundle

7] over L:ft+l(q) and it generates the ring KO(L:ft+l(q» (cf. [11, Prop. 2.11]), and the ad-

ditive structure of KO(L:ft+l(q» is given in [9, Th.1.10 and (6.1)]. .

Consider the following integers U( i) and the elements ~ and a
l

in Kf5(S"ft+3/Q r )

with r = 2111
-

1 (m ~ 2), where ai and 2P
1

are the ones in (1.1) for t =' rand

2P(0) = 2P
1

and P(s) = P(s-1)2+4P(s-1) (s ~1):

For i = 28 + d ~ N' = minI r, nl with 0 ~ s < m and 0 ~ d < 28
, put

n' = 2n + 1 if n is odd, = 2n if n is even,

(1. 5) if i = 1;
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= \ ,8(1) - 21
+

a
', ,8(0) - Ro(1, 0; a; + 1)

82

,8(1 )

1l(2) = 1
2 m - 3 +a ', (n:odd),

(n: even),

(n: odd),

(n: even),

if i = 2;

flU) = 2m - s - 2
+

a
'",

= \.E:=o(_1)2 1 +12(2'-1 )(a',,+I) P( s - t) - Ro( s, 0; a's + 1)
8i

.E:=o2(2 1 -1)(a:,+I) ,8(s-t)

(n:odd),

(n: even),

if i = 2s (2 ~s ~m-1);

fl(i) = 2 111 - s - 3 + a(i),

P~-2P(2)IT~::(2+,8(t))+R(s, d; a(i)) (n: odd, d: even),

,8~-2,8(2) IT ~:: (2+,8 (t)) + .E:=o (_ly'+a(i) 2(2'+' -1 )a(i)-I,8~ P(s- t)

(n: even, d: even),

a( i) = j
for 2d > b~ ... ,

if i = 28 + d ~ 3, d ~ 1;

(n: even or m = 2 ),

(n:odd and m ~3),

where R o( s, d, a~ + 1) and R( s, d; a(i)) are the ones in Propositions 7. 1 and 7.2, re­

spectively.
Then, the additive structure of KO(S4n+3/ Qr) is given by the following theorem,

where Zk (x> denotes the cyclic group of order k generated by x:

THEOREM 1.6. Let T = 2 111
-

1
, m ~ 2 and N' = min 1T, nl.

Then, we have

1

Z2n+1 (ao> EB Z2"+1 (er) EB ~~~1 ZU(i) (8 i >
ro(S4n+3/Qr) =

Z2"+2 (ao> EB Z2"+2 (a1> EB ~7~1 ZU(i) (Si>

(n:odd),

(n: even).

We notice that the additive structure of Jf6(S4n+3/Ql) = KO(L2n+l(4)) is determined

In [12, Th.B].

We prepare some results on the complex and orthogonal representation rings R(Qr),
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RO(Qt), R( G,,) and RO( G,,) for Qt and the subgroups G" gIven III (1. 2), and the
symplectic representation group RSp(Qr) (r=2 11l

-
1

) in §2.
In §3, we define the elements at (i =0, 1, 2), 2f32}+1 and f32} of KO(S4.fI+3/Qt) and

study the homomorphisms i:: Kex,S4.fI+3/Qt) ----+KO(S4f1+3/G,,) and i*: KO(L2f1+l(q»

----+KO(L~fI+l(q» of (1.3) in Lemma 3.6, Propositions 3.8 and 3.12. Also, the funda­
mental relations in KO(S4fI+3/Qr) (r=2 11l

- ' ) are given in Lemma 3.14, which play the
important parts in the subsequent sections.

In §4, we first estimate an upper bound of the order of KO(S4f1+3/Qt) by using

the Atiyah-Hirzebruch spectral sequence, and especially we determine the order of KO
(S4.fI+3/Qr) (r=2 11l

-
1

) in Proposition 4.13. Furthermore, we prove Theorem 1.4 in Theo­
rem 4.15 and Remark 4.16 by using the known results about the order of fO(L~fI+l(q»

given in [11, Prop.2.11], the order of KO(S4.fI+3/Qr) (r=2 11l
-

1
) given in Proposition 4.13

and the results obtained in §3.
In §5 (resp. §8), we give some relations in KO(S4.fI+3/Qr) (r=2 11l

-
1

) for odd n
(resp. even n), which are useful in the next section.

In §6 (resp. §9), we prove some basic relations concerned with an additive base
of KO(S4.fI+3/Qr) ( r = 2 11l

-
1

) for odd n (resp. even n) by making use of the relations giv­

en in §5 (resp. §8)
In §7 (resp. § 10), Theorem 1. 6 for odd n (resp. even n) is proved by combin­

ing the results given in the previous sections. Also, as the corollary of Theorem 1.6, we
have the order of 51 in KO(S4.fI+3/Qr) (r=2 11l

-
1), which is already proved in [13, Cor.

1. 7].

§ 2. The representation rings of Qt

We denote the unitary (resp. orthogonal) representation ring of the group G by

R( G) (resp. RO( G» and the symplectic representation group by RSp( G). By the natural

inclusion

O(n) C U(n), U(n) C O(2n), Sp(n) C U(2n) and U(n) C Sp(n),

the following grou p homomorphisms are defined:

r c
RO(G)~ R(G)~ RSp(G).

c h

The following facts (2.1) are well known (cf. ego [2]).

(2.1) These representation groups are free, and c is a ring homomorphism. Also

Tc=2, hc'=2, cr=l+t=c'h,

(t denotes the conjugation), and c and c· are monomorphic.

Hence throughout this paper, we identify

RO(G) with c(RO(G», and RSp(G) with c' (RSp(G».

Let t be a positive integer and let Qt. be the subgroup of order 4t of the unit
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sphere S3 in the quaternion field H generated by the two elements

x = exp(rri/t) and y = j.

Consider the complex representations a i (i = 0, 1,2) and bj (j E Z) of Qt gIven
by

(2.2)
r<X): 1,

ao(Y) - -1,
is odd,

IS even,

Then, we see easily the following

PROPOSITION 2.3. (cf. [4, §47.15, Example 2]). The complex representation ring
R(Qt) is a free Z-module with basis 1, ai (i = 0, 1, 2) and bj (1 ~ j < t) and multipli­
cative structure is given as follows:

j
ao if t is odd,

a~ = 1, a: =

1 zf t is even,

(2.4)

Let

0i = ai - 1 (i = 0, 1, 2) and /3j = bj - 2 (j E Z)

be the elements in the reduced representation ring R(Qt). Then, we have

PROPOSITION 2.5. (cf. [6, Prop.3.3]) The reduced representation ring R(Qt) zs a
free Z-module with basis 0i (i = 0, 1, 2) and /3j (1 ~ j < t), and multiplicative structure
is given as follows:

1°0 - 201

o~ = -2°0 , 0: = 1
-201

if t is odd,

if t zs even,

These show that the ring R(Qt) is generated by °1 if t = 1, °1 and /31 if t ~ 3 is odd, and

00' °1 and /31 if t is even.

Regarding RO(Qt) as the subring of R(Qt) under c: RO(Qt) ~R(Qt) in (2.1),
we have

PROPOSITION 2.6 (cf. [5, (3.5) and (12.3)]). RO(Qt) is a free Z-module with
basis 1, ao, a, + a2, b2j and 2 b2j+ 1 (1 ~ 2j, 2j + 1 < t) if t is odd, and 1, ai (i = 0, 1, 2),
b2j and 2b2j + 1 (1 ~ 2j, 2j + 1 < t) if t is even.
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From (2.4), Propositions 2.5 and 2.6, we have

PROPOSITION 2.7. The reduced representation ring RO(Qt) is a free Z-module with

basis ao, a\>+ nz, /32J and 2/32J+l (1 ~ 2j, 2j + 1 < t) if t is odd, and 0i (i =0, 1, 2), /32i

and 2/32J+l (1 ~ 2j, 2j + 1 < t) if t is even. These show that the ring RO(Qt) is gener­

ated by 00' a\ + 0z if t = 1, ao, 0\ + az, 2p\ and P: if t ~ 3 is odd, ao, a\, 2/3\ and /3\z if

t is even.
Regarding RSP(Qr) (r = 2111

-
1

) as the subgroup under c': RSp(Qr) ----4R(Qr) in

(2.1), we have

PROPOSITION 2.8. (cf. [17, Prop. 1.6]). RSp(Qr) (r = 2111
-

1
) 1S a free Z-module

ipith basis 2, 2ai (i = 0, 1, 2), 2b2i and b2i+1 (1 ~ 2j, 2j + 1 < r).

The following lemmas are well known:

LEMMA 2.9 (cf. [1, §8]). R(Zk) is the truncated polynomial ring Z[,u]l(,uk-l),

where ,u is given by Z -----+exp(2Tri/k) for the generator z of Zk and (,uk - 1) means the

ideal of Z[,u] generated by ,uk_l.

LEMMA 2.10 (cf. [5, (3.5) and (12.3)]). The ring RO(Zk) is generated by r(,u-l)

if k is odd, p - 1 and r (,u- 1) if k is even, where r is the real restriction and p is a

real representation given by z~ -1 for the generator z of Zk'

Consider the following subgroup Gk of Qt, where t = rq, r = 2111
-

1
, m~ 1 and

q IS odd:

(2.11 )

(2.12)

Go = Qr generated by x q and y, G\ = Zq generated by x 2r.

Then the inclusion ik : Gk C Qt induces the ring homomorphism

by the restriction of representations of Qt to Gk .

By [9, Prop. 2.9], Proposition 2.7 and Lemma 2.10, we· see easily the following

LEMMA 2.13. (i) i: is an epimorphism and

(ii)

I
i :(°0) = °0' i :(0\ + °2) = 0\ + °2'

i : (/32 ) = 00' i: (2/32i+l) = 2(0\ + °2),Ii:(a,) = a, (i = 0,1,2),

i : (/32t) = /32i' i: (2/32i+\) = 2/32i+\'

I
i ; (°0) = i; (a\ + °2) = 0,

i ; (/32i) = r(,uZi - 1), i ; (2/32i+l) = 2r(,u2i+l_ 1),

if t 1S odd,

if t 1S even.

if t 1S odd,



if t is even.

(2.14)

r~("') = ° (i =0,1,2),

i:(P2t ) = r(~i - 1), i:(2P2i +l ) = 2r(,u2i+l- 1),

Let m ~ 2, and define 13(8) in R(Qr) (r = 2"'-1) inductively as follows:

13 (0) = PI' 13 (8) = 13 (8 - 1)2 + 413 (8 - 1) (8~ 1).

7

Then, we have the following lemmas.

LEMMA 2.15. P(k+ 1)-2I::=1,8(8)n:=8+l(2+,8(t» =p(1)n:=1(2+P(t» in
R(Qr).

PROOF. By the induction on k, we can easily verify the equality. q.e.d.

PROOF. In the similar way to the proof of [9,Lemmas 5.3-4], we have Pr - 1 -,81

= I:'::12(2 +131 )13(8) II~~~1 (2 +p(t» and (2 +f3t )P(m-1) = 2(Pr-l-Pl)' Hence, by Lemma
2.15, Pm . 1 =0 follows. For the case 8~2, the equalities

and Pm, 1 =0 imply Pm,8 =0, q.e.d.

By the definitions of f3 (8), Pm,s, Lemma 2.16 and Proposition 2.7, we have

LEMMA2.17. 2Pm.1 =0, PIPm.l=O and Pm ,8=0 (2~8~m) hold in RO(Qr).

§ 3. Some elements in KO(S4f&+3/ Qt)

Assume that a topological group G acts freely on a topological space X Then,
the natural projection

p:X .X/G

define the ring homomorphism (cf. [10, Ch. 12, 5.4])

(3.1) ~: R(G) ---+ K(X/G), ~:RO(G) ----+ KO(X/G)

Furthermore, if H is the subgroup of G, then the inclusion i: He G and the proJec­
tions p': X ---+ X/ H, i: X/ H ---+ X/G induce the commutative diagram

(3.2)

R(G) ------~------+.K(X/G)

~~ V~
RO( G) ~ ) KO(X/ G)

i* i*1 1i * i*

RO(H) I fl5(X/ H)

;/~ ~~
R(H) ) K(X/H),
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cf=fc, rf=fr, i*f=fi*, ci*=i*c, ri*=i*r,

where c is the complexification and r is the real restriction.
Now, Qt acts on the unit sphere S4n+3 in the quaternion (n+ I)-space H n+1 by

the diagonal action

Q(Ql' ... , Qn+l ) = (QQl , ... , QQ n+l) for Q € Qt, Qi € H

Then the natural projection defines the ring homomorphism

f: RO(Qt) -----4 KO(S4n+3/Qt)

of (3.1), and by using the same letter, we define the elements

(3.3) Qi = f (Qi ) (i = 0, 1, 2), /32j = f (/32j) and 2/32j+l = f (2/3 2j+l )

in KO(S4n +3 / Qt), where Qi, /32j d and 2/32jd E RO(Qt) are the ones in Proposition 2.7.
Consider the orbit manifold S4n +3/Cl obtained by the restricted action of Qt to

Cl = Zq. As is easily verified, S4n +3/ Cl is homeomorphic to the standard lens space
L2n+l(Q)=S4n+3/Zq modulo Q. Also, S4n+3/Ql is homeomorphic to L 2n+l(4).

For f: RO(Zk) -----4 KO(L 2 n+ l(k» of (3.1), we have

LEMMA 3.4. f ( r (11-1» = r (ll-l), and f (p-l) is the stable class of the non trivi­

al real line bundle if k is even, where 11 and p are the elements of Lemmas 2.9, 2.10 and
II is the canonical complex line bundle over L 2n + 1 (k).

PROOF. For f:R(Zk)~K(L2n+l(k»,we have f(Il-l)=ll-l by [9,Lemma

3.8]. Thus, the first equality follows from the commutativity rf= fr in (3.2). Let k
= 2l and consider the element cf(p) in K(L 2n+l(2l). Then we see that cf(p) = fc (p)

= f (Ill) = 7Jl by (3.2) and the definitions of P and f.-1. Since the first Chern class Cl (7Jl)

=lCl(ll)*O, f(p) is the non trivial real line bundle. q.e.d.

REMARK 3.5. We notice that

Qo = p- 1 and Q l + Q2= r (11- 1)

zn RO(Ql), and so

Qo= f (p - 1) and Q l + Q2= r (ll - 1)

In KO(S4n +3/Ql) = KO(L 2n+1(4 ».

Let L~n+l(Q) be the (4n+2)-skeleton of L2n+l(Q), and i :L~n+l(Q)----4L2n+l(Q)

be the inclusion. Then we have

LEMMA 3.6. i*f(r(Il-1»= r(ll-l), and i*f:RO(Zq)~KO(L~n+l(Q» is an

epimorphism, where we denote the element i*(r(ll-l» in KO(L~n+l(Q» by r(ll-l) for

simplicity.

PROOF. The equality i*f(r(Il-1»= r(ll-I) is obtained by Lemma 3.4. Since
KO(L~n+1 (Q» is generated by T (ll- 1) (cf. [11, Prop. 2.11]), i * f is an epimorphism.

q.e.d.
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Let

(3.7)

be the composition of i:: KO(S4f1+3/Qt) ~ iO(S4f1+3/G1) = KO(L2f&+1(q)) and i*:
KO(L2f&+1(q)) ~KO(L~f&+l(q)). Then, we have

PROPOSITION 3.8. Jr1 is an epimorphism and

J Jr1(ao) = Jr1(a1+ a2 ) = 0,

1Jr1(2131) = 2r(7]-1), Jr1(l3n = (r(7]-1))2,

j'r,(a,) : 0 (i =0, 1, 2),

1Jr1(2131) - 2 r(7] -1), Jr1(I3n =( r(7] -1 ))2,

if t is odd,

if t is even.

PROOF. The equalities except for Jr1(l3n= (r(7]-1))2 follow from the definition
of Jr1, (3.2), (3.3), Lemmas 2.13, 3.4 and 3.6. By Propositions 2.5, 2.7, the equality 13:

=132+ ao -4131 holds in RO(Qt). Since i:(132) = r(7]2-1), i:(ao) = ° and i:(2131) =
2 r(7] -1) in RO( G1) by Lemma 2.13, there holds the equality i: (I3n = r( 7]2 -1)­
4r(7]-1) in RO(G1). On the other hand, c((r(7]- 1))2) = (7]+7]-1-2)2= c(r(7]2-1))

-c(4r(7]-1)), and the complexification c is monomorphic (cf. (2.1)). Hence

r(7]2-1) -4r(7]-1)=(r(7]-1))2 in RO(G1).

Therefore, the desired equality Jr1(I3n = (r (7] -1 ))2 follows from (3.2), (3.3), Lemmas 3.4
and 3.6. Also, Jr1 is an epimorphism, since KO(L~f&+l(q)) is an odd torsion group gen-

erated by r(7]-l) =(1/2)Jr1(2131) (cf. [11, Prop.2.11]). q.e.d.

For the ring homomorphism

~:R6(Qr) ~KO(S4fl+3/Qr) (r= 2m-l~2),

(3.9) (cf. [17, Th,2.5], [7, Th.1.1 and Cor.1.2]) ~is an epimorphism, and

if n is odd,

if n IS even,

where (S) means the ideal generated by the set S.

By Propositions 2.5-8, we see easily the following

LEMMA 3.10. Ker~ in (3.9) is given as follows:

if n is odd,

if n is even.

For the homomorphism

(3.11 )
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we have
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PROPOSITION 3.12. i: is an epimorphism and

1

i:(ao) = ao, i:(a1+ a2) = a1+ a2,
if t is odd,

i:(2/31) = 2(a1+ O2), i:(/3n = -4a:-10a:-12a1,

1

i:(aJ = ai (i =0, 1, 2),
if t is even.

i: (2/31) = 2/31' i: (/3n =/3:,

PROOF. By making use of the relations in Proposition 2.5, these equalities fol­
low from Lemma 2.13, (3.2) and (3.3). By Proposition 2.7, Remark 3.5, [12, Th.B] and
(3.9), KO(S41&+3/GO) is generated by ao, a1+ a2 if m = 1, ao, ai' 2/31 and /3: if m~2.

Therefore, i: is an epimorphism. q.e.d.

For any integer n~O and m~2, we define the elements 2/3(0) and /3(s) (s~l)

in K6(S4r&+3/Qr) (r=2m-1) as follows:

(3.13) 2/3(0)=2/31 and /3(s)=/3(s-1)2+4/3(s-1).

Then, by (2.14), (3.3), Lemmas 2.15 and 2.16, we have

LEMMA 3.14. (i) /3(k+1)-2L:::l/3(s)II::s +1(2+/3(t)) =/3(1)II::1(2+/3(t)).

(ii) 2Pm.1 =O, /31Pm.l=O and Pm.s=O (2~s~m),

where Pm . s = /3( s) II~;~l(2 + /3( t )).

§ 4. Proof of Theorem 1.4

The cohomology group of the guotient manifold X = S41&+3/ Qt is given as follows:

(4.1) (cf. [3, Ch. XII, §7]) H 4i(X; 2) = 2 u if 0 <i ~n,

H4i+2(X; 2) = 2 4 (t: odd), = 2 2 EB 2 2 (t: even) if 0 ~ i ~n,

H2i+l(X; 2) = 0 if 0~i~2n, HO(X; 2)=H41&+3(X; 2)=2,

H4i(X; 2 2 ) = H4i+3(X; 2 2 ) = 2 2 if 0 ~ i ~n,

H4i+l(X; 2 2)=H4i+2(X; 2 2)=22(t : odd), =22 EB22 (t : even) if O~i~n.

By (4.1) and the Atiyah-Hirzebruch spectral sequence for KO(X), we have

LEMMA 4.2.

231&+2-((1&) t 1&

#KO(S41&+3 /Qt) ~ 1
2411 + 4 - 2 ((7I)t1&

if t is odd,

1f t 1S even,

where #A denotes the order of a group A and [(n) = °if n IS even, = 1 1f n is odd.
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REMARK 4.3. For the case t = 1, the additive structure of KCX.S 411 +3/Ql) =
KO(L211+1(4» is determined in [12, Th.B] and #KO(S411+3/Ql) =2311 +2-£(11) holds.

First, we study the order of KO(S4ft+3/Qr) (r = 2m-1).

Let 1f' be the k-skeleton of the CW-complex S411+3/Qr in [6, Lemma 2.1], and
j : 1f' cS4n +3/Qr be the inclusion. For an element a E KO(S4ft+3/Qr), we denote its image

j* (a) E KO(NIc) by the same letter a.

Consider the homomorphism

. (4.4)

induced by the inclusion j l : N81c+l-l C N8k+l.

Then, we have

LEMMA 4.5 (cf. [7, §4]). j: is an epimorphism and

Ker j: = 2 2 ,.+1 </3~k).

PROOF. By [7, §4], we see that j: is an epimorphism and Ker j: is a cyclic
group generated by /3~k. On the other hand, 2m+l/3~k= 0 in iO{N8k+3) by [17, Prop.5.5].
Thus 2m+l/3~1c=0 in KO(N81c). Consider the homomorphism j:: K(N81c) ~K(N81c-l).

Then, Ker j:=22"+I</3~k) (CK(N8k» (cf. [6, Lemma 5.4 and Proof of Theorem 1.1]).
Therefore, c (2m/3~k) = 2m/3~1c =\= 0 for the complexificatio~ c: KO(N81c)~ K(N81c). These

imply that the order of /3~k is equal to 2m+1. q.e.d.

LEMMA 4.6 (cf. [7, §4]). j7 is isomorphic for l =7,6,5 and 3.

LEMMA 4.7 (cf. [7, §4]). j: is anepimorphism and

Ker j: = 2 2 ,.+1 <2/3~k+l ).

PROOF. By [7, §4], j: is an epimorphism and Ker j: is a cyclic group gener-
ated by 2/3~Ic+l. On the other hand, the order of 2/3~k+l is equal to 2m+1 in KQ(N8k+7)
by [17, Prop.5.5], and KO(NBIc+7)-;;;;;KO(NBk+4). Thus, we have the desired result.

q.e.d.

LEMMA 4.8. If aOl/3~ =x/3~+l holds in R(Qr) for some a E Z and x E RSp(Qr),
then ao1/31 =x/3~ holds in R(Qr).

PROOF. The statement is trivial for n =0. Assume that n >0. Since 2m+1(2/31)

=0 in KO(S7/Qr) by Lemmas 4.6 and 4.7, there exists an element x' E RO(Qr) such that

2m+2 /31 = x'/3~ in R(Qr)

by (3.9). Therefore we have

and so (2m+2 )ft-l ao1/31= (2m+2 )1I-1 x/3: in R(Qr).

R(Qr) is a free 2-module.

This implies the desired result, because

q.e.d.
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LEMMA 4.9. If aa./3l =xP: holds in R(Qr) for some a E 2 and x E RSp(Qr),
then a =0 mod 4.

PROOF. By (2.4) and Proposition 2.8, x is uniqely represented as

where c, co, Cl' c2 and AJ are some integers. By Proposition 2.3,

aalPl=a(2-2al-bl+br_l) and xf3:=x(5+ao-4b l +b 2).

Represent x(5+ ao-4b l + b2) by the linear combination of the basis of R(Qr) by mak­

ing use of the relations in Proposition 2.5, and compare the constant term and the co­

efficient of ao in aal f3l with the ones in xf3:. Then, we have

2a = 10c + 2[0 -4A l + 2A 2 and 0 = lOco + 2c -4A l + 2A2,

and so a=O mod 4. q.e.d.

LEMMA 4.10. The orders of aof3~k and alP~k are 4 in KO(N8k+S)=KO(S8k+S/Qr).

PROOF. We notice that aof3~k =22k ao by Proposition 2.5. Consider the homo­
morphism i*: KO(S8k+S/Qr) ~KO(S8k+S/Q2) induced from the inclusion i: Q2 C Qr.

Then we have

i*(2 aop~k) = i*(22k +l ao) = 22k
+ l ao*0 in KO(S8k+S/Q2)

(cf. [7, Th.1.3]). On the other hand, 4aop~k=0 in KO(N8k+2) -;;;;;KO(N8k+S) by [7, Lemma

4.5]. Thus the order of aop~k is 4 in KO(N8k+S). Also 4alf3~k=0 in KO(N8k+2)-;;;;; KO
(N8k+S) by [7, Lemma 4.5]. Hence the order of alP~k is 4 in KO(N8k+S) by Lemmas 4.8

-9, Proposition 2.7 and (3.9). q.e.d.

LEMMA 4.11 (cf. [7, §4]). J: is an epimorphism and

Ker J: = 2 2 <2aop~k) EB 2 2<2alf3~k).

PROOF. By [7, §4], J: is an epimorphism. Consider the homomorphism i * :
KO(S8k+S/ Qr) ~KO(S8k+S / Q2) induced from the inclusion i: Q2 C Qr' Then

i *(2 aop~k) =22k
+

l ao* 22k
+

l a l = i *(2 alf3~k)

in K75(S8k+S/Q2) by [7, Th.1.3]. Thus 2aof3~k *2alf3~k in KO(N8k+S)=KO(N8k+2). Hence

the desired result for Ker J: follows from Lemma 4.10 and [7, Lemma 4.5]. q. e. d.

LEMMA 4.12 (cf. [7, §4]). J; is an epimorphism and

Ker J; = 2 2 <aof3~k) EB22<alf3~k).

PROOF. By [7, §4], Ji is an epimorphism. Ker Ji is givn in [7, Lemma 4.7].

q.e.d.

Summarizing Lemmas 4.5-7, 4.11 and 4.12, we have

PROPOSITION 4.13. (i) J7:KO(N8k+ 1
) ~ KO(N8k+l-l) is an epimorphism and J7
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is an isomorphism for 1=7, 6, 5 and 3, and

if 1=0,

if I =4,

Ker j7 =

Z2<2aa/3~k) EBZ2<2al/3~k)

(ii) #KO(S4"+3/Qr) = 24"+4-2€(1I) r",

where E: (n) =°if n is even, = 1 if n is odd.

Now, we consider the ring homomorphism

if 1=1,

if 1=2.

(4.14)

where i: and Jr1 are the ones of (3.11) and (3.7), respectively.

THEOREM 4.15. (i) Let t=rq. r=2"'-1, m~l and q is odd.

Then, Jr in (4. 14) is a ring isomorphism.

(ii) Jr(a t ) = at (i =0, 1, 2),

Jr(2/31) = 2/31 + 2a if t 1S even,

where a = r (7] -1) is the real restriction of the stable class of the canonical complex line

bundle 7] over L~"+l(q) (cf. Lemma 3.6).

PROOF. Jr1 and i: are epimorphisms by Propositions 3.8 and 3.12, respectively.
On the other hand, by Remark 4.3, Proposition 4.13(ii) and [11, Prop.2.11],

2 311+2-€(1I) if r= 1,

#KO(S4"+3/Qr) = 1 and #KO(L~"+I(q))= q".
2411 +4-2€(")r" if r~2,

Therefore Jr in (4.14) is also an epimorphism since q is odd, and so (i) follows from
Lemma 4.2.

(ii) follows from the definition of Jr and Propositions 3.8 and 3.12. q.e.d.

REMARK 4.16. By Proposition 2.7, (3.3), (3.9), [11, Prop.2.11] and Theorem
4.15, the ring homomorphism

f: RO(Qt) ---4 KO(S411+3/Qt)

is an epimorphism and so the ring KO(S4"+3/Qt) is generated by aa, a1+a2 if t=l, aa, a1+

a2, 2/31 and /3~ if t ~ 3 is odd, aa, ai' 2/31 and /3~ if t is even. Moreover, by Theorem
4.15(i), Proposition 4.13(ii) and [11, Prop.2.11], we have
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23ft +2-((ft)t ft if t is odd,

#KO(S~ft+3/Qt) = I
2~ft+~-2qft) t ft if t 1S even.

Combining Theorem 4.15 and Remark 4.16, we complete the proof of Theorem

§5. Some relations in KO(S~ft+3/Qr) (r=2m
-

l
) for odd n

In this section, we give some relations in KO(S~ft+3/Qr) (r = 2m
-

l ~ 2) for odd n,

which play an important part in the next section.

For the elements 213(0),13(8) E KO(S~ft+3/Qr) in (3.13), we have the following lemmas:

LEMMA 5.1. For any integers k o,"', kS_l~O and ks>O (0~8~m), we have

(l)s 2m+l-S+h rrf=of3(t)kt =0 if m - 8 + h ~O,

(2)s 2((ko)rrf=of3(t)kt =0 ifm-8+h<0,

where h=h(ko,"', ks)=1+[(n-~f~02tkt)/2s-l]and E(ko)=O ifk o is even, =1 ifk o is
odd.

PROOF. We prove the lemma by the induction on 8 and h. Consider the case
8 = 0, and suppose that h (k 0) <0. Then ko~n +1 and f3~+l =0 by (3.9). Thus (1)0 and
(2)0 for h (k 0) <0 hold. Suppose that h = h(k 0) ~ 0, and assume that (1)0 and (2)0 hold
for any k o with h(ko)<h. Since h=1+2(n-k o»0,

2h f3 (O)ko -1 Pm. 1 =0

by Lemma 3.14, and so

(*) 2m+l+hf3(0)ko+ 2 m- l +h f3(0)k o+l + ~/o2m-l-j+hf3(0)ko-lf3(1)f3(il) "'f3(i J)=O,

by (3.13) and the definition of Pm,l in Lemma 3.14, where 10= {(il,"', ij):1~j~m-2,

o~ i 1 < ... < i j ~m - 2}. By the inductive hypothesis and (3.13), the second term and
the term for any (il,"',i J ) E 10 in (*) vanish. Thus, (1)0 and (2)0 hold.

Suppose that 1~8~m and h=h(k o,''', ks)<O, and assume that (1)8- and (2)s"
hold for any 8' with 0~8' <8. In the case m-8+h~0, by (3.13), we have

21A+l-S+haf3 (8 )lcs = ~:~o (~s) 21A+l-S+h+2i af3 (8 _ 1)2ks -t,

where a= rr~:~f3(t)kt. By the assumption,

21A+l-S+h+2l af3 (8 - 1 )2ks -t = 0 (0 ~ i ~ ks )'

This shows that (1)s holds for h=h(k o,"', ks)<O and m-8+h~0. In the case m­
8 +h <0, we can show that (2)s holds for h =h (k 0' "', ks ) <0 in the similar way to the
proof of the case m - 8 +h ~O.

Let 1 ~8~m and h =h(k o,"', ks)~O, and assume that (1)s and (2)s hold for
any k o,"', k s with h (k 0' "', k s ) <h. By Lemma 3.14,
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where a=rrf:~,9(t)kt and Is = {(il,"', iJ):1~j~m-1-s, S~il<'" <iJ~m-2}.

In the similar way to the proof of the case s =0, we have (1)s and (2)s for h ~O by the
the inductive hypothesis. q. e. d.

LEMMA 5.2. For any integers ko, ... , kS-l ~O and ks > l ~O (0 ~ s <m),

2"'+1-S+h' a,9(s )ks=( -1 )l2"'+1-S+h'+2l a,9(S )ks-l if m - s + h' ~O.

Also

2t(kola,9(s)ks= _2t (ko)+2 a,9(S)ks-l if ks ~2 and m -s +h' <0.

Here, h' =h'(ko, "', ks) =[(n - )2:=02' k t )/28
] and a= rr:~,9(t)kl •

PROOF. We see easily that

2"'+1-S+h'+2l a,9(s )ks-l-2,9(S + 1) = 0

if ks-1~l>0 and m-s+h'~O, and also

2t(kol a,9(s)ks-2,9(s + 1) = 0

if ks~2 and m-s+h'<O by Lemma 5.1. Thus, we have the desired results. q.e.d.

LEMM A 5.3. (i) 2"'+2h,9(0)ko,9(l)k, =0 if m-I +2h ~O,

2t (ko),9(0)ko,9(I)k,=0 if m -1 +2h <0.

(ii) 2"'-S+2+2h a,9(S )~.= 0 if s ~ 1 and m - s + 1 + 2h ~O,

2t(kola,9(s)~'=0 if s~1 andm-s+l+2h<0,

where h =h (ko, "', ks ) is the one in Lemma 5.1 and a= rrf:~,9(t)k,.

PROOF. (i) By (3.13), we have

2"'+2h,9(0)ko,9(l)k,= )2~~0 ( 11 ) 2"'+2h+2i,9(0)lro+ 2k,-i ,

2tllrol,9(0)ko,9(I)k.= )2~~o (71 ) 2t(kol+2i,9(0)lro+2k.-i.

On the other hand,

2"'+2h+2i ,9 (0)1c(,+2k,-i = 0 (0 ~ i ~ k l ) if m -1 +2h ~ 0,

2t (lro)+2i,9(0)ko+ 2k\-i=0 (O~i~kl) if m-I +2h <0

by Lemma 5.1. Thus we have (i).

(ii) is proved in the same manner as the proof of (i) by making use of (3.13) and
Lemma 5.1. q.e.d.
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LEMMA 5.4. Suppose that m ~3, [~O and [~h =h (ko, k 1 ) except for (l, h) =(0,
- 1). Then, we have

(1)h 2m-2+l,B(0)ko,B(1)kl + o(l )2 m-1+l,B(0)ko+l ,B(1)k,-l =0 if ko~O, k1~2,

(2)h 2m-2+l,B(O)ko,B (1)k, - 0(l)2 m-1+l ,B(O)ko-l ,B(1)k, = 0 if ko, k1~ 1,

where o([) = 1 if [ = 1, = -1 if [ =\= 1. Moreover, we may replace o([) in (1)h and (2)h by

± 1 if [>h.

PROOF. In the case h <0, each term in (1)h and (2)h vanishes by Lemmas 5. 1

and 5.3, and so (1)h and (2)h hold. We prove the lemma by the induction on h ~O.

By Lemma 3.14,

2' ,B(0)ko+l,B(1l 1-2Pm.l=0 if ko~O, kl~2,

2' ,B(O)ko-l ,B(1 )k,-l Pm. 1= 0 if ko, k I~ 1.

By expanding the left hand sides of the above relations, we have

(1) 2 m-I +l ,B(O)ko+l ,B (1 )k,-l + 2m-2+l,B (0)ko+2,B( 1)k1-l

+ I:/12m-2+l-J(2 + ,B(O»,B(O)ko+l ,B(1)k,-1,B( i1)"',B( iJ) =0,

(2) 2 m-1+l ,B(Olo-l ,B( 1)k' + 2m-2+l ,B (O)ko,B (1 II

+ I:/12m-2+l-J(2 + ,B(O»,B(Olo-l ,B(1)k1,B(i1)'" ,B(iJ) =0,

whereI1={(il"", iJ):1~j~m-2, 1~il<···<iJ~m-2}. In the case h=O, any

term in I: 11 of (1) and (2) vanishes by Lemma 5.1, and

by (3.13). Thus, we obtain (1)0 and (2)0 from (1) and (2).

Consider the case h = 1. Then, by Lemmas 5.1 and 5.3, I: 11 in (1) is equal to

± 2m-2+l,B(0)ko+l ,B(1)k1 = ± 2m-1+l,B(0)ko+2 ,B(1)k l -l (by (1)0)'

On the other hand

2m-2+l ,B (0)ko+2,B(1 )k,-l = 2m-2+l,B (O)ko,B (1 )k l - 2m+ l ,B(O)ko+l ,B (1 )k,-I (by (3.13».

Hence, by (1)

Since 2m+l+l,B(0)~o+1,B(l)k,-1=0 by Lemma 5.1, we have (1)1' By Lemma 5.1, I:11in (2)

is equal to

±2m-2+l,B(0)ko-l,B(1)k,+1 =±2m-1+l ,B(0)ko,B(1)k, (by (3.13) and Lemma 5.1).

Therefore, we have (2)1'

Suppose h ~2. By Lemma 5.1 and (2)h-2. any term of I:/I in (1) and (2) vanish­

es, and also
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Thus, we have (1)1& and (2)1& for h ~ 2. Since 2m+1,8(0)ko+l ,8(1)k,-1 = 0 =2 m+l ,8(0)ko-l,8(1)k,

if l >h by Lemma 5.1, the last assertion follows. q.e.d.

LEMMA 5.5. Suppose that m ~3, l ~2 and l ~h =h (k o,k1) except for (l, h)=(2, 1).
Then

(3)1&=3 3 27ft ,8 (O)ko,8(1)k, + 2m+l ,8 (0)ko+1,8 (1 )k,-1 = 0,

2m - 3+l ,8(O)ko,8(l )k, _ 2m - 2+l ,8(O)ko+l ,8(1 )k,-1 =0,

3 27ft ,8(0)ko,8(1)k, _2m +1,8(0)ko-l,8(1)k, =0,

PROOF. By Lemma 3.14, we have

21- 1,8 (O)ko+l ,8(1)k,-2Pm.l = 0

By expanding the left hand side of the above relation,

(3) 2m - 2+1,8(O)ko+l,8 (1 )k,-1 +2m - 3+1,8 (0)ko+2,8(1)k,-1

+ .E 1,2m - 3
- J+I (2 + ,8(O)),8(O)ko+l ,8(l)k,-I,8( i1) '.',8(i J) =0,

where I} = {(it> "', i J): 1 ~j ~m -2, 1 ~ i} < ... <iJ~m -2}. In .Ell of (3), the terms
for j~3 vanish by Lemma 5.1, and also the terms for j=2 vanish by Lemmas 5.1,5.3
and (2)1&_4 in Lemma 5.4. Thus, .El, in (3) is equal to

if l~h~3,

if l =h =3,

by Lemmas 5.1, 5.3 and 5.4. On the other hand, by (3.13)

2m ,8(0)ko+2j3(1)k,-1 = 2m ,8 (O)ko,8 (1 )k, - 2m +2,8 (O)ko+l ,8(1)k,-I,

and by Lemma 5.1,

Therefore, we have (3)1&.
Also, we have

by Lemma 3.14, and so

In the similar way to the proof of (3)1&' the terms for j ~ 2 in .El. of (4) vanish, and ~l.

of (4) is equal to
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Hence, we have (4)".

if l ~h *3,

if [=h =3.

q.e.d.

LEMMA 5.6. Let k o and k 1 be non negative integers. Then

22-£( "0) P(O)"oP(l)",+1 + 21-£( ko) P(O)"o+1 PO)",+1 =°
in KCXS 4'11+3/Q2), where E (k o) =0 if k o is even, = 1 if k o is odd.

PROOF. By Lemma 3.14,

21-£("0) P(0)"oP(1)",P2.1 =0,

and P 2.1=(2 +P(O»PO) by the definition of P 2.1. Therefore, the desired result follows.
q.e.d.

LEMMA 5.7. Let 2~8~m-2, l~-l and l~h=h(ko,"·,ks). Then

2m-S-l+£("0) a{3( 8 - 1)".. -. P( 8)".• ± 2 m-s+£! "0) a{3( 8 _1)".. -.+1 P( 8)".• -1 = 0,

2m-S-1+l +£("0) ap(8 _1)""-' P(8)"" - 8([ )2m-s+l +£("0) a{3(8 _1)"''-' +1 (3(8)".. -1 =0,

1f ko, "', k S-1~O and ks ~2,

2m-S-1+£(ko) ap( 8 -1)".H P( 8)"" ± 2m-s+£(,,0) ap(8 _1)"·.-. -1 P( 8)".• = 0,

2m-s-l +l +£("0) ap(8 _1)"'-' P(8)"" + 8(/ )2m - s+l +£("0) ap(8 _1)"··-·-1 P(8)"" =0,

if ko, "', kS_2~0 and k S-1' ks~l,

where a= rr::i PU )'" and 8(/) = -1 if [ =0, = 1 if l ~ 1. Moreover, we may replace 8(/)
by ± 1 if [ >h or k o is an odd integer.

PROOF. First we consider the case h ~-1. By Lemma 3.14,

2£("0)a(3(8-1)".. -,+I(3(8)".. -2Pm.s=0 if kS_I~O, ks~2.

Thus, we have

(5) 2m-s+£( "0) ap( 8 -1 )".. -. +1 P( 8)".. -1 + 2m-S-1+£( "0) a{3( 8 -1 )"'-' +2(3( 8)".• -1

+ L:ls2m-S-l-j+£("0)(2 +(3(8 -1»ap(8 -1)".<-I+IP(8)"..-IP(il) ... (3(i j )=O,

where I s= {(il' "', i j ): 1 ~j ~m -1- 8, 8 ~ i1< ... < ij~m-2}. L:ls of (5) vanishes
by Lemma 5.1, and

2m-S-1 +£( "0) a(3( 8 - 1)".. -. +2 P( 8)".. -1 =± 2m-S-1+£( ko) ap( 8 _1)""-' (3( 8)".•

by (3.13) and Lemma 5.1. This implies (5),,:> -1' In the similar way to the proof of
(5),,:> -1' (6),,:> -1 is obtained from the relation

(6) 2m-s+£( "0) a(3( 8 -1 )".. -. -1 P( 8 )"s + 2m-s-1+£1 "0) ap( 8 -1 )".. -. (3( 8 )"s
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which is the expansion of the relation

19

in Lemma 3.14.

In the case h=O, the terms for (ill"', i J) E Is in L:/s of (5) vanish except for (s)
by Lemma 5.1 and so ~/s of (5) is equal to

±211l
-

S
-

1
+

C
(ko) aj3(s _l)ks -.+lj3(s)ks (by Lemma 5.3)

= ±2m-s+clko) aj3(s _1)ks -,+2j3(s)k.• -l (by (5)-1)'

On the other hand,

2m-S-l+C(ko) aj3(s _1)ks -.+2j3(s)k.• -l

=2m - S - 1 +£(koJ aj3(s _l)ks -'j3(s)ks ±2m-s+1+ E(koJ aj3(s _l)k.• _.+lj3(S)k.• -l

by (3.13) and Lemma 5.1. These imply (5)0 from (5). (6)0 is obtained from (6) in the
similar way to the proof of (5)0'

Suppose h ~ 1 and consider the relation 2L X(5)

The terms for (ill"', iJ) E Is vanish by Lemma 5. 1 except for (s), and also the term for

(s) vanishes by (6),._2' Therefore, we have (5)"~1' (6)Ul follows from the relation 2L X

(6) in the similar way to the proof of (5)"~1' q.e.d.

LEMMA 5.8. Let m ~3, k m - 2 ~O and k m -1 ~O. Then

2E(ko)aj3(m -2)k_- 2+1j3(m _1)k_-,+l +2E(ko)+1 aj3(m -2)k_- 2 j3(m _l)k_-.+l =0,

where a is any monomial of 13(0), ... , j3(m -3).

P ROOF. The result follows immediately from the relation

2 C
(ko J aj3(m -2)k_- 2 j3(m _1)k--. Pm.m -1=0

and the definition of P fIl.fIl-l in Lemma 3.14. q.e.d.

LEMMA 5.9. Let 2 ~ s ~m -2, I ~2 and I ~ h =h (ko, "', ks )' Then the follow­
ing relations hold:

211l-S-2+L+E(ko) aj3(S -1 )k"_'j3(s )k.• - 2f1l -8-1 +L+C(ko)aj3 (s -1 )k.• _,+lj3k.• -l = 0,

if ko, ... , k S _1 ~O, ks ~2,

2"'-S+C(ko)aj3(S -1 )k"_'j3(s )k.• - 3 2m-s+1+C(ko)aj3( S -1 )k.• _.-lj3( s )ks =0,
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2m-S-2+l+CI ko) af3( S -1 )k.• _tf3( s )ks+ 2m-s-l+l+CI ko)af3( S _1)ks - t-l f3( S )ks=0,

if ko, '.', kS_2~0 and kS_ll ks~l,

PROOF. By Lemma 3.14, we have

2 l - 1+C(kolaf3( S _1)ks- t+l f3( S )ks-2 p m.s =0.

Therefore

+ .EIs2m-8-2+l+C(kol-J(2 +f3(s -1»af3(s -1)ks-,+lf3(s)ks-lf3(il) ··-;3(i j ) = O.

If ko is odd, any term in .EIs vanishes by Lemmas 5.1, 5.3 and 5.7. Also, by (3.13)

2m-s-2+l+C(kolaf3(s -1)ks- t +2f3(s )k ..-l = 2m-s-2+l+C(ko)af3(s -1)ks- t f3(s)ks

- 2m-s+l+C(ko)af3( S -1 )ks - t +l ,8 (s )ks-l

and

by Lemma 5.1. Thus, we have (7)1& in the case k o is odd. In the case k o is even, the
terms for (il'·'" i J) e .EIs except for (s) vanish by Lemmas 5.1, 5.3, and 5.7. Thus, .EIs
is equal to

by Lemmas 5.7 and 5. 1. Also, by Lemma 5.7

±2m-s+ 1 a,8(s -1)ks- ,+l,8(s)k.• = ±2m-s+2a,8(s _1)ks-.+2,8(s)ks-l if 1=2.

Therefore, we have (7)1& in the case k o is even. (8)1& follows from the relation

2 l - 1 +C(kolaf3( S -1 )ks- l -l,8( s )ks-l P m.s = 0

given by Lemma 3.14 in the similar way to the proof of (7)1& above. q.e.d.

LEMMA 5.10. Suppose m~3, 1~0 and l~h=h(ko, k 1 ). Then, the following re­

lations hold for any k a~ 0 and k 1 ~ 2 :

2m-2+l,8(0)ko,8(l)k, = 2m+l,8(0)ko,8(l)kt-l if l =0, 1 and (l, h)*(O, -1)

2m-2+l,8(0)ko,8(l)k, = -2m
+ l,8(0)ko,8(l)kt-l if I ~2,

2m-3+l,8(0)ko,8(l)k, = 3 2m-1 +l,8(0)ko,8(l)kI-l if 1=2, 3 and (I, h) *(2, 1),

2m-3+l,8(0)ko,8(l)k, =_2m-l+l,8(0)ko,8(l)kt-l if I ~4.

PROOF. These relations follow immediately from Lemmas 5.4 and 5.5. q.e.d.
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LEMMA 5.11. Suppose 2 ~s ~m -2, l ~-1 and l ~h (ko, "', ks )' Then the fol-

lowing relations hold for any ko, "', k S - 1 ~ 0 and ks~ 2 :

2m-S-l+C(ko)a{J(sts = ±2m-s+l+C(ko)a{J(s)ks-l if l =-1,

2m-s-l+C(ko)a(3(s)k.• = 2m-s+l+C(ko)a(3(s)k.• -l if l =0,

2m-S +C(ko)a(3(s)k.• = 3 2m-s+2+C(ko)a(3(s)k.• -l if l =2,

2m-s-2+l+C(ko)a(3(s)k.• = _2m-s+l+C(ko)a(3(s)k.• -l if l ~3,

where a = IT:~ (3( t )kt .

PROOF. We see easily the desired results by Lemmas 5.7 and 5.9.
q.e.d.

LEM M A 5.12. Suppose l ~O, l ~ h = h (ko, "', k S - ll 1), ko,"', kS - 2 ~O and k S - 1 ~

1. Then we have the following relations:

( i )

Moreover

if3~s~m-1.

Here, a = ITf:; (3(t)k, in (ii) and (iii).

PROOF. (i) The first relation holds obviously by Lemma 5.1 if h = n -1 - ko <
O. Consider the case m =2. By Lemma 5.6 and (3.13), we have

(5.13)

When h =n -1 - k o = 0, the second relation

2(3~ + 3 23 (3~-1 = 0

follows from (5.13) and Lemma 5.1. Also, the first relation for h = 0 is obtained from
the second one by Lemma 5.1. When h = n -1- ko = 1, the third relation follows from
(5.13), Lemma 5.1 and the second one. The first relation for h =1 is shown from the
third one by Lemma 5.1.

Now, consider the case m ~3. In the relation (2)h of Lemma 5.4, put k 1 = 1.
Then, we have the second relation and also the first one for h = 0 by Lemma 5.1. The
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forth relation follows from the first one for h =°and Lemma 5.1. The first relation for
h = 1 is the immediate consequence of the forth one.

Suppose m ~2 and h ~ 2. We shall prove the first relation for h ~ 2 by the in­
duction on h. By (5.13) if m=2 and (2)" of Lemma 5.4 if m~3, we have

By the inductive assumption,

Therefore, we have

and so

by Lemma 5.1. Thus, we complete the proof of (i).
(ii), (iii) In the case h <0, (ii) and (iii) are obtained from Lemmas 5.10, 5.11

and 5.1. Consider the case 2 ~ s ~m - 2 and h ~ 0. We shall prove (ii), (iii) for h ~

o by the induction on h. Let h =0 and put ks = 1 in the relation (6)0 of Lemma 5.7.
Then, we have

By Lemma 5.3, 2m-2a,B(1)k,+2 =0 if h =h (ko, k l , 1) =0 and k o is odd. Thus, (ii) for h

=0 and odd k o is obtained from (5.14) with s = 2 and Lemma 5.1. (ii) for h =0 and
even k o follows from 2 X (5.14) with s = 2 and Lemma 5.1, since

by Lemma 5.10. Moreover, (iii) for h =0 and 3 ~s ~m - 2 follows from 2 X ( 5.14),
Lemmas 5.1 and 5.11. Let h ~ 1 and put ks = 1 in the relation (6)" of Lemma 5.7.
Then, we have

(5.15) 2m.-S-l +l+£(ko)a,B (s - 1)k.-o +2 +3 2m-s+l+£(kola,B (s - 1)k.<-l+l +2m-s+2+l+£(kol a,B( s -1 )k.-o = 0

(ii) for h~1 and (iii) for h~l and 3~s~m-2 follow from (5.15) and Lemma 5.i
by the induction on h. Consider the case s =m - 1 and h ~o. By Lemma 5.8 and (3.
13), we have

(5.16) 2£(kol a,B(m _2)k..- z+2 + 3 2 £(ko)+l a,B(m - 2)k..-z+l + 2£(kol+3 a,B(m - 2)k..-z = O.

(iii) for h ~O and s =m -1 can be proved inductively by making use of (5.16), Lemmas

5.1,5.3,5.10 and 5.11 in the similar way to the proof of (iii) for h ~1 and 3~s~m

-2. q.e.d.
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§ 6. Basic relations concerned with an additive base of
KO(S4n+3/ Qr) (r = 2m - 1 ) for odd n

23

In this section, we prove some basic relations concerned with an additive base of

KO(S4n+3/Qr) (r =2m
-
1) for odd n by making use of the relations given in §5.

Let 8, k and d be the integers which satisfy

~6.1)

Then we have the following lemmas.

LEMMA 6.2. Suppose 1 ~8 ~m -2, k =2k' ~2 and d 1S even under the assump­
tion (6.1). Then

PROOF. Let u =8 -t (1 ~t ~8). Then, by (3.13), we have

2m-s-2f3t(f3(u+ 1)21-1 k_f3(U)2Ik) = ~~:~lk(2t~lk)2m-s-2+2if3tf3(u)2Ik-i.

The i -th term except for i = 1, 2 is equal to

( -1 )i-l (2t~1k) 2 m-S-4+2!+'kf3t f3 (u)

by Lemma 5.2. The i-th term form i =1, 2 is equal to

(2t~lk)2m-s-2+2if3tf3(u)2-i(f3(u+ 1) _22f3(u»21-1k- 1 (by (3.13»

= (2t~lk) 2m-s-2+2if3tf3(u)2-if3(u + 1)21-1k-1

+ ~~~~'k-l (_1)}(2t~1 k)(2t-~k -1) 2m-s-2+u+2if3t f3( uY- i+}f3(U + 1Yl-lk-l-i

= (2t~1k) 2m-s-2+2if3t f3 (u )2-i f3(U + 1)21-1k-1

+(_1)2I-1k_l(2t~lk) 2m-s-4+2i+2Ikf3tf3(u)21-1k+l-i (by Lemma 5.1)

= ± (2t~.lk) 2m-s-6+2i+2Ikf3tf3(u)2-if3(u + 1)

+(_1)i-l(2t~lk)2m-s-4+2!+lkf3tf3(u) (by Lemmas 5.2 and 5.1).

By Lemma 5.1

j
0 if i = 1 or 2 and k': even ~2,

(2t;lk)2m-s-6+2i+2Ikf3tf3(u)2-if3(u+1) = 2m-s+t-4+2tkf3tf3(u)f3(u+1) if i=l and k' :odd~l,

2m-s+t-3+2tkf3tf3(u+1) if i=2 and k':odd~1.

On the other hand
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2 m-(U+l )-3+2 1kPt(2 +P(U»P(U + 1) = 0 (by Lemmas 5.4 and 5.7).

Therefore, we have

Summarizing these terms for 0 ~ u ~ s -1, we have the desired result, since 2m-s-2Pt+ 2Sk

= 0 by Lemma 5.1. q.e.d.

LEMMA 6.3. Suppose l~s ~m-3, k=2k' and d is even under the assumption
(6.1). Then

2m-S-2ptP(S)k = 2m-s-4+kptP(s + 1) _2m-s-4+2kPtP(s).

PROOF. The result for k' = 1 follows immediately from (3.13). Suppose k' ~ 2.

Then, by (3.13), we have

(*) 2m-s-2pt(P(s + l)k' _P(S)k) = ~f~l( ~')2m-s-2+2iPtP(S)k-i.

By Lemmas 5.10, 5.11 and 5.2,

for 2 ~ i ~ k '. The first term in the right hand side of (*) is equal to

k' 2m-sptP( S )k-l = - 3 k'2m-s-4+2kPtP( s)

by Lemmas 5.10 and 5.11. Therefore, the right right hand side of (.) is equal to

2m-S-4+2kPtP(s) - k' 2m-s-2+2kPtP(s).

On the other hand

by Lemma 5.11. Hence, by Lemma 5.1, the desired relation for even k' holds, and also

the relation

(**) 2m-s-2ptP(S)k = -2m-s-4+kptP(s+1)+3 2m-s-4+2kPtP(s)

holds if k' is odd. Moreover, by (3.13) and Lemma 5.12

2 m-S - 3+kptP(S + 1) = 2m-s-1+kptP(s) +2 m-s-3+kPtP(sY = ± 2m-s-2+2kPtP(s).

Thus, the desired result for odd k' follows from (**). q.e.d.

ifk'=l,

LEMMA 6.4. Suppose s=m-2~1, k=2k'andd is even under the assumption (6.1).

Then

1

ptP(m -1) - 22ptP(m -2)
ptP(m _2)k =

-2k-2ptP(m-l)-22k-2ptP(m-2) if k'~2.

PROOF. The result for k' = 1 follows immediately from (3.13).
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PROOF.

by Lemmas 5.12 and 5.1-2, and the i-th term in (*) is equal to

(- 1)i-l ( l' )2m-. +2kf3~+1 (2 ~ i ~ k')

by Lemma 5.2. Therefore, we have

LEMMA 6.5. Suppose s =0, k = 2k' and d is even under the assumption (6.1).

Then, we have

since 2m.-2+2kf3~+1 = 0 by Lemma 5.1. On the other hand, we have

I
(-1)k'-12k-2f3~/3(1) if m = 2,

2m-2fJ~f3(l)k' =

(-1)k'2m-"kf3~/3(l) if m ~ 3,

Suppose k' ~2. Then, in the same manner as the proof of Lemma 6.3, we have

In the case k' is even, the last term in (*) vanishes by Lemma 5.1, and so the desired
relation holds. Suppose k' is odd. Then the last term of (*) is equal to

by Lemma 5.1. On the other hand

2k-l/3~/3(m-1) = 2k-1/31/3(m -2)2 + 2k+l/3~/3(m -2) = ±22k/3~/3(m -2)

by (3.13) and Lemma 5.12. Thus, the desired relation for odd k' follows from (*).
q.e.d.

(*) /31/3 (m _2)k = (-1)k'-12k-2fJ~/3(m -1) - 22k-2/31/3(m - 2) + k'22k/3~/3(m -2).

/31/3(1)-22/31+1 = 0 if m = 2 and k' = 1,

2m-.+k/3~/3(l) +2m-.+2k/31+1 = 0 if m = 2 and k' ~ 2,

2m-.+k/31/3(l) -2 m-.+2k/31+1 = 0 if m ~ 3.

By making use of (3.13) and Lemma 5.1, we have

2m-2/3~/3(l)k' = L::~l ( 1') 2m-2+2ifJ1+k-i.

Thus, (*) implies the desired results for m ~ 2 and It' = 1. Consider the case k' ~2.
Then the first term in the right hand side of (*) is equal to

P1(P(m -l)k' -P(m -2)k) = 22k-2P1P(m -2)-k'22kP1P(m -2).

Since Pm.m=P(m)=P(m-1)2+22P(m-1) =0 by (3.13) and Lemma 3.14, we have

P1P(m _l)k' = (-1)k'-12k-2P1P(m -1).
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by Lemmas 3.14,5.10 and 5.2. Hence, we have the desired results. q.e.d.

L EM M A 6.6. Suppose 0 ~ S ~ m - 3, k = 2k' and d is even under the assumption
(6.1). Then

L:r:~(_1)2t2·-S-4+2Ikp~p(s+1_t) = O.

PROOF. The desired relation follows immediately from Lemmas 6.2, 6.3 and 6.5.

q.e.d.

LEMMA 6.7. Suppose s = m-2 ~ 0, k = 2k' and d is even under the assumption
(6.1). Then

ifk' ~ 2.

PROOF. Lemmas 6.2, 6.4 and 6.5 imply the desired relation. q.e.d.

LEMMA 6.8. Suppose 1 ~ s ~ m-2, k = 2k'+ 1 and d is even under the assumption
(6.1). Then

is equal to

2·-S-3+2Ikp~ 13(1) - 3 2ffl-S....+2l+'k p~+1 if k = 3, s = t = 1,

- 2ffl -S-3+21Jcp~ /3(1) + 2ffl-S-4+21+lk /3~+1 if k ~ 5, s = t = 1,

_2m-s-3+2Ik/3~p(s) - 7 2m-s-4+2I+lkp~p(s_1) if k= 3, s ~ 2, t = 1,

2m-s-3+2IJcp~p(s) + 2m-s-4+21+'kP~/3(s_l) if k ~ 5, s ~ 2, t = 1,

2m-s-4+2l+'k p~ p(s- t) if k ~ 3, 2 ~ t ~ s -1,

where t is an integer with 1 ~ t ~ s.

PROOF. Put u = s - t. By (3.13), we have

2m-s - 2p~ p(u+ 1 )2'-'k = L:~:~' (2~k/) 2m-s-2+2i p~ p(ul'+lk·-t p(u+ 1)2'-'.

The term for i ~ 3 vanishes and the term for i = 2 is equal to

± k'2 m-u+1p~ p(U)2'+Ik'-2/3(U+ 1)2'-'

by Lemma 5.1. Also, by Lemmas 5.4 and 5.7,

2m-u/3~p(uf+lk'-lp(u+l)2'-'+ 2m-u+lp~p(uf'+'k'-2/3(u+l)2'-' = O.

Therefore, we have

2m-s-2/3~/3(u+ 1)2l-1 k = L:~~~I (2;-1) 2m-s-2+2i p~ p(ul'k-i,

and so

(*) 27t1-S-2/3~(p(u+1)2l-1k_ /3(U)2'k) = L:~:~'(2;-I) 211l-S-2+2t/3~p(U)2'k-t.
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The i -th term in (*) for i * 1, 2, 4 is equal to

(_1)t-l (2:-1
)2 111 -S-'+21+ IkP~P(u)

by Lemma 5.2. The i-th term in (*) for i = 1 (t~ 1), i= 2 (t~ 2) and i = 4 (t~ 3) is

equal to

(**) (2t;I)2111-S-2+2tP~P(U)'-t(P(u+l)_ 4P(U»2H k-2

=(2
t
;l) 2111-S-2+2t P~P(u)'-t 1P(U+1)2H k-2 + ~~~-;k-2( -1)J (2

t
-
1
J-2) 22} P(u)JP(U+1)2H~-2-}}

(by (3. 13».

In the case i=l, (t, k)=(1, 3), (**) is equal to

(2
t
;l) 2111-S-2+2t P~P(u)'-t P(u+ 1) _(2

t
;l) 2 111 -S+2tp~P(u)S-t.

In the case i = 1, t = 1, k~ 5 or i = 1,2, t ~ 2, k~ 3, the j-th term in (**) for 2
~j~2r-lk-3 vanishes by Lemma 5.1, and so (**) is equal to

(2
t
;l) 2111-S-2+2t P~P(u)'-t P(u+ 1)2'-'k-2 _ (2 t-1k _ 2) (2 t;1 ) 2 111 -S+2t p~P(u)S-t P(u+ 1)2'-'k-3

+ (-1 )2'-'k (2
t
;l) 2rrl-S-6+2t+2'k P~P(ut-1k+2-t .

In the case i = 4, t ~ 3, k ~ 3, the j-th term in (**) for 1 ~ j ~ 2t
-

1 k - 3 vanishes

by Lemma 5.1, and so (**) is equal to

(2 t;l) 2111-S-2+21 P~P(U)'-1 P(u+ 1 )2I-1k-2+ (-1 il-l k(2~-1) 2111-S-6+2/+2'k p~P(U)2'-'k+2-1 .

Suppose i = 1, 2, 4 and 1 ~ t ~ s. Then we have

( 2;-1) 2111-8-2+21p~P(u)H P(u+ 1)2'-'k-2

(_1)2'-'k+l(2~1)2rrl-S-'+t+2IkP~P(1) if u = 0 (by Lemmas 5.4, 5.2),

= j (-1)"-''''''(2~-')2'-N'''2'kP~P(U+l) if u <;; 1 (by Lemmas 5.7, 5.2).

Suppose i = 1 and (t, k) = (1, 3). Then

3 2 rrl
-

S
-4.+21+

I
k P~+1 if u = 0 (by Lemmas 5.12 and 5.2),

(2~-1)2rrl-S+2tP~P(U)5-i= j
7 2rrl-S-'+2'+lkP~P(U) if u ~ 1 (by Lemmas 5.12, 5.2 and 5.1).

In the case i = 1, 2, 4, (t, k) * (1, 3) and u ~ 0,

(_It-'k(2:-1)2rrl-S-'+2t+2IkP~P('U)2'-'k+2-1= (_1)t-l(2tt)2rrl-S-'+2r+lkp~p(U) (by Lemma 5.2).

In the case i = 1,2, (t, k) * (1,3) and u~O,

(2 t-1k _ 2)(2;-1)2rrl-S+2tP~P(U)S-iP(U+1)2/-1k-3

± (2 t-1k - 2)(2;-1)2rrl-s+S+tP~P(U+1)2'-'k-3 (by Lemmas 5.1, 5.4, 5.7),

± (2 t-1k - 2) (2;-1) 2rrl-S-3+1+2Ik P~P(u+ 1) (by Lemma 5.2),



28 Kenso FUJII

= J 0±2m-S-2+2IkfJ~fJ(S) if i = 1, t = 1, h ~ 5 (by Lemma 5.1),

1 otherwise (by Lemma 5.1).

Therefore, we have

(.. )= j if i = 1, (t, h) = (1, 3),

if i = 1, t = 1 and h ~ 5,

(2~-1)1- 2m-S-4+t+2Ik fJf fJ(l) + (-1 )t-l 2m-s-4+2/+1k fJf+l f (u = 0)

j (_I)H (2~-')!2"-H.,.,.•p~P(u+ 1) + 2"-H.,.".p~P(u) I (u ;" 1)

if i = 1, 2, t ~ 2 and h ~ 3, and

(* *) = (-1 /_1(2~-1) 12m-s-4+t+2Ik fJ~ fJ(u+ 1) + 2m-s-4+21+1k fJ~ fJ(u) f

if i=4, t~3 and h~3.

(u ~ 0)

Hence, we have the desired results by summarizing the i -th terms with 1 ~ i ~ 2 t
-

1 in

(*). q.e.d.

LEMMA 6.9. Suppose 1 ~ S ~ m-3, h = 2h'+1 and d is even under the assumption

(6.1). Then

PROOF. By (3.13), we have

(*) 2m-s-1fJ~ fJ( S)k = ~~~o ( ~') ( _l)t 2m-s-2+2t fJ~ fJ( S )t+l fJ( S+ 1 )k·-t

In the case h' = 1, the right hand side of (*) is equal to

- 2 m-s-1
fJ~ fJ( S+ 1) + 2 m-s+2fJ~ fJ( s)

by Lemma 5.7 and (3.13), and so the desired result is obtained

Suppose h' ~ 2. Then the i -th term with 2 ~ i ~ h' -1 in (*) vanishes by

Lemma 5.1, and so the right hand side of (*) is equal to

2m-s-2fJffJ(s)fJ(s+1)k' - h' 2 111 -s fJffJ(S)2fJ(s+1)k'-1 + (-It' 2m-s-2+2k' fJffJ(S)k·+I.

On the other hand

2 m-S-2 fJ f fJ (s ) fJ (S+1)k ' = (- 1)k' + 1 2 III -S -4 + le fJ ~ fJ (S+1),

2 111 -SfJ~fJ(S)2fJ(s+1)1e'-1 = ±2111-S-3+lefJ~fJ(s+1)
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by Lemmas 5.7, 5.11 and 5.1, and also

2lR-S-2.2k' P~P(s) k'·1 = (-1) k' 2lR-S-4.2kP~P(s)

by Lemmas 5.10 and 5.11, Therefore, we obtain the desired result from (*).

q.e.d.

LEMMA 6. 10. Suppose s = m - 2 ~ 1, k = 2k' +1 and d is even under the assumption
(6.1). Then

P ROOF. In the case k' = 1, we have

p~p(m-2)k=p~p(m-2)p(m-l)-22p~p(m-2? (by (3.13))

= -2p~p(m-l) - 3 24p~p(m-2) (by Lemmas 3.14 and 5.12)

= 2p~p(m-1) + 24
p~p(m-2) (by Lemmas 5.1 and 5.12).

Thus, the desired result for k' = 1 is obtained.

Suppose k' ~ 2. Then we have

p~P(m- 2)k = P~P( m- 2)P( m-I )k' - k' 22p~P( m-2)2p(m-I )k'-1 + (-1 )k'22k'p~P( m_2)k'.1

in the similar way to the proof of Lemma 6.9. Since p(m-l)2 = -22p(m-l) and

p(m-2)p(m-l) = -2p(m-l) by Lemma 3.14, we have

p~p(m-2)p(m-l)k'= (-I)k' 2k-2p~p(m-l),

22pfp(m-2)2p(m-l)k'-1 = ±2k-Ip~p(m-l) (by Lemma 5.1).

Therefore we obtain the desired result for k' ~ 2. q.e.d.

LEMMA 6.11. Suppose 1 ;£: s ;£: m- 3, k = 2k' + 1 and d is even under the assumption

(6.1). Then we have

-3 2lR -S-4.22kpf+l + 2lR-S-4+2k P~P(I) + 2111 -S-4•kP~P(2) = 0 if s = 1, k = 3,

2111-S-4.2'kp~.1 + 2111-S-4+22kp~P(1) + 5 2111-S-4·2kp~P(2) + 2lR-S-4.kp~P(3) = 0 if s= 2, k = 3,

2111-S-4.2Hlkp~.1 + (1 ± 2S•1) 2711-S-4.2Skp~P(l)

+ 12f::2111-S-4+21+1kP~P(S_ t) -7 2711-S-4.22kP~P(s_l)

+5 2111-S-4+2kp~p(s)+2111-S-4.kp~p(s+I)=0if s~3, k=3,

2111-S-4.2s+1k p~.1 + (1 ± 2S•1) 2711-S-4.2Sk p~P(1)

+ 12f=-~12111-S-4.21+1k P~P(s- t) = 0 zf s ~ 1, k ~ 5.

PROOF. The desired results follow immediately from Lemmas 6.8, 6.9 and 5.1.

q.e.d.

LEMMA 6.12. Suppose S = m-2 ~ 1, k = 2k' + 1 and d is even under the assumption
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(6.1). Then, we have

-3 222k~2fJ~+1 + 22k-2fJ~fJ(1) - 2k-1fJ~fJ(2) = 0 if m = 3, k = 3,

223k-2fJ~+1 + 2
2Jk

-
2 fJ~fJ(l) + 5 2

2k
-

2
fJ~ fJ(2) - 2k-2fJ~ fJ(3) = 0 if m = 4, k = 3,

2 2-- lk
- 2 fJ~+1 + (1 ± 2 111

-
1

) 2 2--
lk

-
2 fJ~fJ(1) + ~~-24. 221+Ik-2fJ~fJ(m-2- t)

-7 222k-2fJ~fJ(m-3)+5 22k-2fJ~fJ(m-2)-2k-2fJ~fJ(m-l)=Oif m~5, k=3,

22--'k-2fJ~+1 + (1 ± 2 111
-

1
) 22--

Jk
- 2 fJ~ fJ(1)

+ ~~-=-~(-lt+l221+Ik-2fJ~fJ(m-2-t)=O if m~3, k~5.

PROOF. The desired results follow immediately from Lemmas 6.8 and 6.10.
q.e.d.

LEMMA 6.13. Suppose 1 ~ 8 ~ m- 2, k = 2k' + 1 and d is even under the assumption
(6.1). Then, 2111-8-2fJ~fJ(8)k is equal to

2111-8-3+2kfJ~fJ(1)-3 2111-8-.+2IkfJ~+1 if 8=1, k=3,

_2111-8-3+2kfJ~fJ(2)+ 2111-8-4.+2IkfJ~fJ(1) + 2111-8-4.+23kfJ~+1 if 8 = 2, k = 3,

_2111-8-3+2kfJ~fJ(8) -7 2111-8-4.+'J:ZkfJ~fJ(8-l)

+ ~::: 2 111
-

8 -.+2
1+

I
k fJ~ fJ(8- t) + (1 ± 2

8
+

1
) 2

111
-

8
-4.+2

9
k fJ~ fJ(1)

- 2111-S-3+2k fJ~ fJ(l) + 2 111 -8-4.+2
2

k fJ~+J if 8 = 1, k ~5,

2 111
-

S
-

3 +2I:fJ~fJ(8) + ~::: 2 111
-

S -4.+2
1
+

l

k fJ~fJ(8- t)

+ (1 ± 2S+I)2111-8-.+29kfJ~fJ(1) + 2111-S-4.+2S+lkfJ~+J if 8 ~ 2, k ~ 5.

PROOF. The desired results follow from Lemmas 6.,5 and 5.1. q.e.d.

LEMMA 6.14. Suppose 2 ~ 8 ~ m- 2 and d is even under the assumption (6,1). Then

2111 -8-2fJ~ fJ( 8-1 )fJ(8)k = ± c(k) 2111-S-2+2kfJ~ fJ( 8) - 2111 -S-2.z%kfJ~ fJ( 8-1),

where E(k) = 0 if k is even, = 1 if k is odd.

PROOF. By Lemma 6.2, we have

2111-s-2fJ~fJ(8-1)fJ(8)k= ~:~12111-s-.+21+IkfJ~fJ(8- t)fJ(8-l)

if k is even. On the other hand,

o if 2 ~ t ~ 8,

(*) 2111
-

8
-4.+2

I
+1

k fJ~ fJ(8- t) fJ( 8-1) = J
1_2111-S-2+22kfJ~fJ(8_l) if t = 1,

for any k~2 by Lemma 5.1 and (3.13). Therefore, the desired result for even k

follows. Let k be odd. Then, by Lemmas 5.7 and 5.1, we have
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27t1-S-3+2k {i~ {i( s-l) {i( s) = ± 2Jr1-S-2+2k {i~ {i( s).

Thus the desired result for odd k follows from Lemmas 6.13, 5.1 and (*) above.

q.e.d.

LEMMA 6.15. Suppose 2 ~ s ~ m- 2 and d ~ 2 is even under the assumption (6.1).
Then

2Jr1 -S-3+k{i~-l {i(1) IT ::~ (2+ {i( t»

(-1 )k-l 2Jr1 -S-2{if-1{i(1) IT ::l (2+ {i( t» {i( s )k-l ±

2"'-S-2{if-1{i(1)(2+{i(O»IT::: {i(t){i(S)k-2 {i(s+l) if s ~ m-3,

(-1 )k-I 2",-S-2 {if-1{i(1) IT ::~ (2+ {i( t» {i( s )k-I if s = m-2.

PROOF. By Lemma 3.14, we have

2k-l-2{i~-1 f3(S)lp7tl,1 = 0 for 0 ~ 1 ~ k-2,

and so

(*) 2Jr1-S-3+k-l f3f-1f3(1 ) IT ::l (2+ f3( t» f3( S)l +

:EIs 27t1-S-3+k-l-j f3~-1 f3(l )IT ::~ (2+ f3( t» f3( S)l f3(i, ) ... f3(i j ) = O.

In the case s = m- 2, (*) is equal to the relation

for 0 ~ 1~ k- 2. Thus, we have the desired relation for s = m- 2. Consider the case

s~m-3. By Lemma 5.1, the terms for (i""',iJ ) € Is vanish except for (s), (s+l)

and (s, s+l). The term for (s+l) is equal to

2"'-S-4+k-l f3f-1f3(l) IT f:~ (2+ f3( t» f3( S)l f3( s+ 1)
~

= :Ef:~ ± 2Jr1-S-3+k-l f3f-1f3(1) f3(O) ... f3( i) ... f3( s-l) f3( s l f3( s+ 1)

±2Jr1-S-4+k-lf3~-1f3(1)f3(O)... f3(s-1)f3(s)lf3(s+1) (by Lemma 5.1),

~

where the notation f3(i) means that f3(i) is deleted. The term for (s, s+l) IS equal to

2",-S-S+k-l f3~-1 f3(1) IT :=-~ (2+ f3( t» {i( S)l+1 f3( s+ 1)
~

= :Ef:~ ± 2",-S-4+k-l f3f-1f3(l) f3(O) ... f3( i) ... f3( s-l) f3( s )l+1 f3( s+ 1)

±27t1-S-s+k-lf3f-lf3(l)f3(O) ... f3(s-1)f3(s)l+If3(s+1) (by Lemma 5.1).

On the other hand, by Lemma 5.7, we have
~

27t1-S-4+k-lf3~-1f3(l)f3(O) f3(i) ... f3(s-l)f3(s)l(2+f3(s»f3(s+1)= 0 if k-l ~3 or i ~ 1,

2"'-S-S+k-1f3f-1f3(1)f3(O) f3(s-1)f3(sl(2+f3(s»f3(s+1) = 0 if k-l ~3.

Also, if k-l = 2, we have

2Jr1-S-5+k-lf3f-lf3(1)f3(O) ... f3(s-1)f3(srlf3(s+1) = 0 (by Lemma 5.3),
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2m-S-4+k-l,B~-1,B(1) ITf::,B( t),B(S)k-l ,B(s+ 1) = 2111 -S-2,B~+2Sk-l ,B(s+ 1) = 0 (by Lemma 5.1),

since ,B(t) = ,B~I + 22 Q(,BI) by the definition of ,B(t) in (3.13), where Q(,BI) is a polynomial

in ,BI whose constant term is zero. Therefore, we have the following relations by (*)

2111-S-3+k-l,B~-I,B(1)ITf:J(2+,B(t»,B(S)l = _2111-8-4+k-l ,B~-1 ,B(1)ITr:~ (2+,B(t»,B(S)hl

for 0 ~ l ~ k- 3, and

2111 -8-1,B~-1 ,B(1) IT f:J (2+,B( t»,B(S)k-2

= - 2 111
-
8-2,B~-1 ,B(1) IT f:~ (2+,B( t»,B( s )k-I ± 2111 -8-2,B~-1 ,B(1 )(2+ ,B(O» IT f=-~ ,B( t),B( S)k-2 ,B(s+ 1).

The desired relation for s ~ m- 3 follows immediately from these relations. q.e.d.

LEMMA 6.16. Under the same assumption as in Lemma 6.15, we have

2111 -8-2,B~-1 ,B(l)ITr:J (2+,B(t»,B(S)k-1 = 2111 -8-2,B~+1 ITr:J (2+,B(t»,B(S)k-1 ±

2111 -8-1,B~ IT r:l,B( t )(2+,B(s-l»,B(S)k.

PROOF. Since ,B(1) =,B~ + 22,B. by (3.13),

2111 -8-2,B~-1 ,B(1) IT r:J (2+,B( t»,B( s )k-I = 2111 -S-2,B~+1 IT r:J (2+,B(t»,B( s )k-l +

2
111

-
8
,B~ ITr:~ (2+,B(t»,B(S)k-l.

Also, 2,B~ITf::(2+,B(t»,B(S)k-2Pm.8=0by Lemma 3.14, and so

2111 -8,B~ IT f:J (2+,B( t»,B( s )k-I + L;/.• 2m-8-j ,B~ IT f:~ (2+,B(t»,B( s )k-l ,B( i I)···,B( ii) = O.

The terms in L;/s vanish except for the term for (s) € Is by Lemma 5.1. The term

for (s) is equal to

2111 -8-1,B~ IT f:J (2+,B( t»,B( S)k = ± 2111 -8-1,B~ IT f:: ,B( t )(2+,B(s-l»,B(S)k

by making use of Lemmas 5.7 and 5.1. Therefore, we have the desired result.

q.e.d.

LEMMA 6.17. Under the same assumption as in Lemma 6.15, we have

2111 -8-1,B~ IT f:l,B( t )(2+,B(s-1),B(S)k = ± 2111-S-1+2k ,B~-1 ,B(s),

2 111
-
8-2,Bf-1,B(1) (2+ ,B(O» IT f:: ,B( t),B(S)k-2 ,B(s+ 1) = ± 2111 -8-1+2k,B~-1 ,B(s) ± 2111-8-2+2k ,B~,B( s).

PROOF. Since ,B(t)2=,B(t+1)-22,B(t) by (3.13), the left hand side of the first

relation is equal to

± 2111 -8-1,B~-1 ,B(S)k+ 1 ± 2111 -8,B~-1 ,B(s-1 ),B(S)k

by Lemma 5.1. On the other hand

2111 -S-1,B~-1 ,B(S)k+1 = 2111 -S-1,B~-1 L;~:6 ( k r1 ) 22t ,B(s-l )2k+2-t = 0

by (3.13) and Lemma 5.1. Also, we have

2111 -s ,B~-1 ,B(s-l),B(S)k = ± 2111 -8+1,B~-1 ,B(S)k = ± 2111-8-1+2k ,B~-1 ,B(s)
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by Lemmas 5.7, 5.1 and 5.2. Thus we obtain the first relation. The left hand side
of the second relation is equal to

(*) ±2 111
-

S
-

1
p~-1 p(l)ITr:l P(t)P(S)k ± 2111

-
S

-
2 P~P(l)ITf:f P(t)p(S)k

± 2711 -S+1p~-1 P(l) ITf=-: P( t)P(s )k-l ± 2 111
-

s p~P(l) ITf:/PU) p(S)k-l

by (3.13) and Lemma 5.1. The first term of (*) is equal to 2 111
-

S
-

1 p~-1 p(S)k+l by (3.13)

and Lemma 5.1, and this is equal to zero, as is shown in the proof of the first re­

lation. The second term of (*) is equal to 2 111
-

S
-

2 p~p(S)k+l by (3.13) and Lemma 5.1,

and is equal to zero by Lemma 5.3. The third term of (*) is equal to 2711 -S+1p~-1p(S)k
by (3.13) and Lemma 5.1, and

2111
-

S
+

1 p~-1 p(S)k = ± 2111 -S-1+2k p~-1 P(s)

by Lemma 5.7. The last term of (*) is equal to 2711 -s
p~p(S)k by (3.13) and Lemma

5.1, and

by Lemma 5.2. Therefore we have the second relation.

By Lemmas 6.15-17, we see easily the following

LEMMA 6.18. Under the same assumption as in Lemma 6.15, we have

2711 -S-3+kp~-1P(l) IT f:~ (2+ P( t»

(-1 )k-l 2 711 -S-2p~+1 ITf:~ (2+ PU» p(S)k-l ± 2711-S-2+2kp~P(s) if s ~m -3,

I(-1 t-· 2.-.-2p~" n:.-i (2+ P( t» P( s )'-' ± 2'-'-""p~-'P(s) if s = m - 2.

LEMMA 6.19. Under the same assumption as in Lemma 6.15, we have

2711 -S-1
jl~P(s-l) jl(s )k-l = ( _l)k 2711-S-4+2k p~P(s) _ 2711 -S-2p~P(s-l) p(S)k.

PROOF. By Lemma 3.14, p~p(S)k-2P m.s = 0, and so

2711-S-1p~P(s-l)P(s)k-l + 2711 -s p~p(S)k-l +

l:, .. 2 711 -S-1-j P~(2+P(s-l» p(S)k-1 P( it ) ... P( i j ) = 0.

The second term is equal to

q.e.d.

3 2711 -S+2
p~p(S)"-2 (by Lemma 5.11)

=(_1)k-13 2111-S-4+2kp~p(s) (by Lemma 5.2).

The terms for (it, ' .. , ii) E Is vanish except for (s) by Lemma 5.1 and (3.13). The

term for (s) is equal to

These imply the desired result. q.e.d.
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LEMMA 6.20. Under the same assumption as zn Lemma 6.15, we have

2 111-8-2fl~ fl( S)k

= 2111-8-2fl~+1 n::~(2+fl(t»fl(s)k-1 + (_I)k2111-8-4+2kfl~fl(s)

- 2 111 -8-2fl~fl(s-l) fl( S)k + ~~~~ 2 111 -8-1fl~ fl( u) nf:~+1 (2+ fl( 0) fl(s )k-l .

PROOF. By Lemma 3.14 (i),

fl(s) = fll nf:~ (2+ fl( t» + 2~~-:'~ fl(u) nf:~+1(2+fl( t».

Hence, we have

2 111 -8-2fl~ fl( S)k = 2111
-

8
-

2 fl~+1 nf=-~ (2+ fl( 0) fl( S )k-I + 2 111
-

8
-
1fl~ fl( s-l) fl( s )k-I

+ .E ~:~ 2 111 -8-1
fl~ fl( u) n:=-~+1(2+ fl(t» fl( s )k-l .

Therefore, the desired result follows from Lemma 6.19.

LEMMA 6.21. Under the same assumption as in Lemma 6.15, we have

q.e.d.

2111-8+1fl~-1 n:=-~(2+fl(t»fl(s)k-1= O.

PROOF. By Lemma 3.14, 22fl~-1 nf=-g(2+fl(t»fl(s)k-2Pm.s = 0, and so

2 111 -8+1fl~-1 n:=-J (2+ fl( 0) fl( S )k-l + .E I. 2 111
-
8+1-j fl~-1 n ::J (2+ fl( t» fl( s )k-I fl( i I)'" fl( ij) = O.

The terms for (il' "', i j ) E Is vanish except for (s) by Lemma 5.1. The term for (s)

is equal to

Thus, we have the desired result.

LEMMA 6.22. Under the same assumption as in Lemma 6.15, we have

q.e.d.

2111-Sfl~n:=-:<2+fl(t»fl(s)k-1= O.

PROOF. By Lemma 3.14, 2fl~nf:ll(2+fl(t»fl(s)k-2Pm.s=0,and so

2m-s fl~ nf=-: (2+ fl( t» fl(S)k-1 + .El.. 2 111 -8-j fl~ nf=-: (2+ fl( 0) fl(S)k-1 fl( il ) ... fl( i j ) = O.

The terms for (i., ''', i j ) E Is vanish except for (s). The term for (s) is equal to

This implies the desired result.

LEMMA 6.23. Under the same assumption as in Lemma 6.15, we have

2 111 -S
-
1
fl~-2 fl(l) n::J (2+ fl( t» fl(S)k-1

(_l)k+1 2m-s-2+kfl~-2 fl(l) rrf:J(2+ fl( t» ± 2m-s-I+2k fl~-1 fl(s) if s ~ m- 3,

1(-1 )'" 2" -8-'" fI~-'fI( 1) llf;J (2+ fI{t)) if s = m- 2

q.e.d.
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PROOF. By Lemma 3.14, 2 k
-

l
-
1p~-2P(s/ P7/I.1 = 0 for 0 ~ l ~ k- 2, and so

27/1-S+k-l-2p~-2P(l ) IT:=-~ (2+ P( t» P( S)l

+ ~1..27/1-S+"-l-2-jp~-2p(l)IT::~(2+P(t»p(S)lp(il)···P(ij) = o.

The terms for (il' ... , i j ) E Is vanish except for (s), (s+l) and (s, s+l) by Lemma

5.1. Here we notice that the terms for (s+l) and (s, s+l) appear in ~/.. only for

the case S ~ m-3. In the case 2 ~ s ~ m-3, the sum of the terms for (s+l) and (s,
s+1) in L:I.. is equal to

by Lemma 5.1. By Lemma 5.7, (*) = 0 if 0 ~ l ~ k-3. Suppose l = k- 2. Then (*)
IS equal to

± 27/1-S-1p~-lp(S)'c-IP(s+ 1) ± 2"-S-2p~-1P(s)"P(s+ 1)

= ± 27/1-S+1p~-1P( s)" ± 27/1-S-1 p~-1P( S)k+1

by (3.13) and Lemma 5.1. The term 2m-s-lp~-lp(s)k+1 vanishes as IS shown in the first

half of the proof of Lemma 6.17. Hence, we have

and so

27/1-S+k-l-2p~-2PO) IT ::~ (2+ P( t» P( S)l

- 2111 -S+"-l-3P~-2P(1) IT :=-~ (2+ P( t» P( s )l+1

if o~ l ~k-2 (s=m-2) or o~ l ~k-3 (s~m-3),

-27/1-S+"-l-3p~-2p(l)IT:=-~(2+P(t»P(S)l+1 ± 2111-S-1+2"p~-lp(S) if l = k-2 (s ~ m-3).

This implies the desired results.

LEMMA 6.24. Under the same assumption as in Lemma 6.15, we have

2111 -8
-
1
p~+1 IT:=-11(2+ P( t»p(S)"-1

(-1)"+12111-S-2+"p~-2p(1)IT::~(2+P(t»±2111-S-1+2kp~-lp(S) if 2 ~ s ~ m-3,

1(-I )"'2"-8-2<>pt'P(1 Jll::: (2+Pet» if S = m- 2.

PROOF. By (3.13), we have

2 111 -S-1p~+l IT::l (2+ P( t» P( S )"-1

= 27/1-8-1p~-2PO) IT :=-~ (2+ p(t» P( s )"-1 - 2 111 -s +Ip~-l IT::~ (2+ p(t» P( s) k-I

- 2111-Sp~IT:=-11(2+p(t»P(s)"-I.

q.e.d.
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Therefore, the desired result follows from Lemmas 6.21-23. q.e.d.

LEMMA 6.25. Suppose 3 ~ s ~ m-2, 1 ~ u ~ s-2 and d ~ 2 is even under the

assumption (6.1). Then

2J1l -S-1P~P(u)"II::~+1 (2+ p(t))p(S)k-1 = - 2111-S-2p~p(u)II::~+1 (2+ P( t))P(S)k.

PROOF. By Lemma 3.14, P~P(u)IT.:::+l(2+p(t))p(S)k-2Pili,S = 0,

and so

2J1l -S-1p~P(u) IT. ::~+ 1(2+ P( t)) p(S)k-1

+ :EIs 2J1l -S-1-j p~P(u) IT.::~+1 (2+ p(t)) p(S)k-1P{il ) ... P{ij) = o.

The terms for (il, "', ij) E Is vanish except for (s), (s+ 1) and (s, s+ 1) by Lemma

5.1. The term for (s+ 1) is equal to

2J1l-S-2p~P(u) IT. :=-~+1 (2+ P( t)) P(s )k-IP(s +1)

=2111-S-2p~IT.:=-~p(t)p(S)k-lp(s+1) (by Lemma 5.1)

= 2J1l-S-2p~IT.:=-~p(t)p(S)k+1 = 0 (by (3.13) and Lemma 5.1).

The term for (s, s+l) is equal to

2J1l-S-3p~P(u) IT. ::~+1 (2+ p(t)) P(s )kp(s+ 1)

= 2J1l -S-3P~IT.:=-~p(t)p(S)k,8(S+ 1) (by Lemma 5.1)

= 2J1l-S-3p~IT.::~p(t)p(S)k+2 = 0 (by (3.13) and Lemma 5.1).

Therefore, we have the desired result.

LEMMA 6.26. Under the same assumption as m Lemma 6.25, we have

2J1l -S-2p~P(u) IT. ::~+1 (2+ P( t)) P( S)k

= :E:=1 ( -1 )2'-' 2J1l-S-3+2H-lkp~P(u) IT. :=-:+1 (2+ p(t))P(s-o.

PROOF. Since

2J1C-S-2p~p(u)IT.::~+1 (2+ P( t))p(S)k = 2J1l-S-1p~p(U) IT.:::+l (2+ P( t))P(S)k

+ 2111-S-2p~p(U)IT.::~+1 (2+p(t))P(s-1)P(s)k,

q.e.d.

the desired result for even If, follows from Lemmas 6.2 and 6.14, and also the one for

odd If, follows from Lemmas 6.13 and 6.14 by making use of Lemma 5.1. q.e.d.

LEMMA 6.27. Suppose 2 ~ s ~ m- 2 and d ~ 2 is even under the assumption (6.1).

Then
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- L::~~ L::=I( -1)21-'211l-S-3+21+Jk,8~,8(u)II:::+l(2+,8(t»,8(S-l)

+ (-1)k+1211l-s-2+k,8~-2,8(1)IT::~(2+,8(t» ± 211l-S-1+2k,8~-I,8(S) if s ~ m-3,

- L:~~~ L::=1 (-1 )21-' 211l-S-3+21+Ik,8~,8( u) IT :=-:+1 (2+,8(t»,8( s-l)

+ (-1)k+1211l-S-2+k,8~-2,8(l)IT::~(2+,8(t» if s = m-2.

PROOF. The lemma is the immediate consequence of Lemmas 6.24-26.

q.e.d.

LEMMA 6.28. Under the same assumption as in Lemma 6.25, we have

L::=1 L::~~ (-1 t-I
2m-s-3+21+1 k,8~,8( u),8( s-l) IT :=-:+1 (2+ ,8( t»

= 211l-S-2+22k,8~,8(s-l) - 211l-·+2Sk,8~,8(1).

PROOF. Since 211l-s-3+22k,8~(2+,8(s-2»,8(8-1)=0by Lemma 5.9, the term for l =

1 m L::=1 is equal to

2m-S-2+22k,8~,8(8-1).

Consider the terms for 3 ~ l ~ 8 in L::=I' Then

211l-S-3+21+'k,8~,8(S-l),8(U)= 0

for any u with 8-l ~ u ~ s-2 by Lemma 5.1. Hence, the term for l (3 ~ l ~8) IS

equal to

Therefore, the summation L::=2 of the left hand side of the desired relation IS equal to

(*) L::=-~ L:~:~ 211l-S-3+21+11c,8~,8(u),8( s- l) IT :=-:+1 (2+ ,8(t».

Also, by Lemma 5.1

for any i, u with 2 ~ i ~l-l, 1 ~u ~8-1. Hence

L:~:lI2m-s-3+21+lk,8~,8(u),8( s- l) IT :::+1 (2+ ,8( t»

= L:~:~ 211l-S+L-5+2/+1 k,8~,8( u),8( s-l) IT f=-~+1 (2+ ,8(t»

for 2 ~ l ~ 8-1. Therefore, (*) is equal to

L::=-; {211l-S+L-5+21+lk,8~,8( s-l? +

L:~~ll-12m-s+L-5.21+lk,8~,8(u),8( s- l )(2+ ,8( s- l» IT :=-~~~ (2 + ,8(t» f .

On the other hand, by Lemma 5.1

2m-s+l-5+21+'k,8~,8(s-l+1) = 0,

and so (*) is equal to

- L::~~ {2m-s+l-3+21+1

k,8~,8(8-l) + L:~~ll-1211l-S+l-.+21+11c,8~,8(u),8( s-l) IT :=-~~~ (2+ ,8(t» f
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by making use of (3.13). While, by Lemma 5.9

2",-s+l-4+21+lkfJ~(2+fJ(8-1-1»fJ(8-1)= 0 (2 ~ I ~ 8-2),

2",-s+l-4+21+lkfJ~fJ(u)(2+fJ(8-1-1»fJ(8-1)= 0 (2 ~ I ~ 8-3).

These imply that

Therefore, we have the desired result. q.e.d.

§7. The group KO(S4R+3/Qr) (r=2m -1) for odd n

In this section, we shall determine the additive structure of KO(S4R+3/Qr) (r =

2",-1) with m ~ 2 for odd n by giving an additive base. In case m = 1, KO(S4R+3/QI)

= W(L 2R
+

1 (4» and its additive structure is given in [12, Th. B]. The result in case

m = 2 is given in [7, Th.1.3].
Let m ~ 2. Then, we have the relations in W(S4R+3/Qr) given by the following

propositions.

PROPOSITION 7.1. Suppose 0 ~ 8 ~ m-2 if k is even, 1 ~ 8 ~ m-2 if k is odd,

and d is even under the assumption (6.1). Then, we have

L;::;( _l)212111-S-4+2'kfJ~fJ(S+1- t) + 2",-S-4+kRo(s+ 1, d; k) = 0,

where Ro(s+l, d; k) is the element

(1 + (-1)20'-')2111-S-2fJ~fJ(8+1) if k = 2k',

(1 + (-1)2--S-2)fJ~fJ(8+1) + (1 + (-1?S-I)2k'+kfJ~fJ(8)

+ (1 + (_1)2 S
-

I )(1 + (-1)2IS-J1)2k'+3kfJ~fJ(8-1)

+ (l + (_1)2S"'-')(1 + (_1)21Is-,,0'-1I)2S-1+(2S-1)kfJ~fJ(1)

if k = 2k' +1.

PROOF. Combining Lemmas 6.6, 6.7, 6.11 and 6.12, the desired result follows

immediately by making use of Lemma 5.1. q.e.d.

PROPOSITION 7.2. Suppose 2 ~ 8 ~ m - 2 and d ~ 2 is even under the assumption

(6.1). Then

2"'-S-3+kfJ~-2fJ(2)n:=-11(2+fJ(t» + 2111 -S-3+kR(s, d; k) = 0,

where R(s, d; k)=(-1tL;:=o2-1+(21+I-l)kfJ~I3(8-t)+

(-1 )(2
0

' -1+1 )E(k)+2--S-22kfJ~fJ( 8) + 22+kfJ~-1 fJ(8)

+ (1 - (_1)20'-1) c(k)21+3kfJ~fJ(8-1) - 2S-I+(2S-1}kfJ~fJ(l).

Here, k' = [k/2] and c(k) = 0 if k is even, = 1 if k is odd.

PROOF. The desired result follows from Lemmas 6.2, 6.13, 6.14, 6.18, 6.20,

6.27 and 6.28. q.e.d.
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PROPOSITION 7. 3. Suppose 1 ~ s ~ m- 2 and d is an odd integer with 0 < d < 28

under the assumption (6.1). Then, the following relation holds in KO (S4n+3/Qr) for any
non negative integer n:

2111-8-2+k,B~-1,B(1 ) IT :=-~ (2+ ,BU)) + .E:=o (-1 )2 1
2111-8-3+2l+lk,B~,B( S - t) = O.

PROOF. By [8, Lemma 7.3(ii)] and [9, Th.1. 7], the relation

(*) 2111-8-3+k,B~-I,B(1) IT ::~ (2+ ,BU)) + .E:=o(-1 )2 1 2 111 -8-41 +2'+1 k,B~,B( S - t) = 0

holds in K(S41R+3/Qr)' Consider an element P(2,Bl' ,Bn of R(Qr) which is a polynomial

in 2Pl and ,B~. Then P(2,Bl' ,Bn is an element of c(RO(Qr))C R(Qr) by Propositions
2.6 and 2.7. Since,Bl € R(Qr) is self-conjugate,

cr(P(2,BI' ,Bn) = (1 + t)(P(2,Bl' ,Bn) = 2P(2,Bl' ,Bn,

where r: R(Qr)-RO(Qr) is the real restriction and t: R(Qr)-1?(Qr) is the

conjugation. Therefore, we find that the image of (*) by r is the desired relation by

making use of the commutative diagram (3.2) and the definitions of PI' ,B( t) € K(S4n+3/Qr)
in [9, (1.1) and (5.1)] and of 2,BI' ,B(t) € KO (S4n+3/Qr) in (3.3) and (3.13), since we

identify RO(Qr) with c(RO(Qr)) under the monomorphic complexification c (cf. § 2).

q.e.d.

PROPOSITION 7.4. (i) 2 R+1 ao=0 (m~2).

if m = 2,

if m ~ 3.

PROOF. (i) By Propositions 2.5 and 2.7,
-...

2R
+

1 ao = ao,B~+l in RO(Qr)

and ao,B~+1 € Ker ~ by Lemma 3.10. Therefore,

2R
+

1 ao = 0 in KO (S4n+3/Qr)

by (3.9) and the definitions of ao, 2,BI and ,B~ € KO(S41R+3/Qr) in (3.3) (see also Propo­

sitions 2.5 and 2.7).

(ii) By Proposition 2.5,

al,B~+I = ,B~(,Br-1 - ,BI) - 2al,B~ in R(Qr)'

On the other hand, by [9, Lemma 5.3]

,Br-I - PI = .E::f(2+,BI),B(U)IT~~2+1(2+pU)) 1ll R(Qr)'

Thus

Since the both sides of (*) are the polynomials in al and ,B~, the same relation as (*)
holds in RO(Qr) by Proposition 2.7. Also the same relation as (*) holds in KO (S41R+3/Qr)
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by the definitions of ai' P~ and p(t) E KO(S·7I+3/Qr) in (3.3) and (3.13). Therefore,

we have

From this relation, 271 +1 a
l

= 0 if m = 2. Let m ~ 3. Then, by Lemma 5.1,

2 71
+

i
-

1p(m- i) = 0 (2 ~ i ~ m- 2).

Hence, we have

271+1~::~P(u)II~~2+1(2+p(t»=271+111-2p(l)=±2 111 -1
+

271PI (by Lemmas 6.5 and 5.1).

q.e.d.

Now, we are ready to prove Theorem 1.6 for odd n.

PROOF OF THEOREM 1. 6 FOR ODD n. The group KO (S·7I+3/Qr) (r = 2 111 -1) for

odd n is additively generated by ao, Cri and Si(l~i~N') by Propositions 2.5,2.7,

(3.9), (3.13) and the fact that 2P III.1 = PI Pili ,1 = 0 in Lemma 3. 14(ii). On the other hand,
271

+
1 x2 71 +1 X II~~1 u(i) = 2(111+3)71+2= # KO (S·7I+3/Qr) by Propositions 4.13(ii), 7.1-4, Lemma

5.1 and the definitions of Cri' u(i) and Si (1 ~ i ~ N') in (1.5). Therefore', we complete

the proof of Theorem 1.6 for odd n. q.e.d.

COROLLARY 7.5 (cf. [13, COLI. 7]). The order of 81 zn KO(S4n+3/Qr) lS equal to

2111
+

271
-

1 if n is an odd integer.

§8. Some relations in KO(S·7I+3/Qr) (r=2m-l
) for even n

In this section, we give some relations in KO(S4n+3/Qr) (r = 2 111 -1~ 2) for even n,

which play an important part in the next section.

For the elements 2P(0), pes) E KO(S·7I+3/Qr) (l ~ S ~ m) in (3.13), we have the

following lemmas.

LEMMA 8.1. For any integers ko, "', kS - 1 ~ 0 and ks > 0 (0 ~ s ~ m), we have
the following relations:

2 111 -S +h rrf=op(ok, = 0 if s = 0, 1 and m - s + h > 0,

(1)s 1
2 111

-
S

+
h +£(ko)IIf=oP(t)k, = 0 if 2 ~ s ~ m and m - s + h > 0,

(2)s 2£Ckol IIf=oP( Ok, = 0 if m - s + h ~ 0,

where h = h (ko' "', ks ) = 1 + [en - ~:=02t k t )/2s-1
] and E( k o) = 0 if k o is even, = 1 if k o

lS odd.

PROOF. We prove the lemma by the induction on sand h. Let s = 0, and sup­

pose that h( ko) < O. Then ko~ n + 1 and 2p~+1 = 0 = p~+2 by (3.9) and Lemma 3.10.

Thus (1)0 and (2)0 for h( ko)< 0 hold. Suppose that h = h( k o)~ 0, and assume that (1)0

and (2)0 hold for any k o with h( k o)< h. Since h = h( k o) = 1 + 2 (n - k o) > 0 and n is
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by Lemma 3.14, and so

(*) 271t +1Ip(0)ko+ 271t -2+1I P(0)ko+l + ~/0271t-2+1I-jp(0)ko-lp(l)p(iI)···p(ij) = 0,

where 10 = 1(il ,'" , ij) : 1 ~ j ~ m-I, 0 ~ i l < ... < ij ~ m- 21·

By making use of (3.13) and the inductive hypothesis, the second term and the term

(or any (i1"",i j ) E 10 in (*) vanish. Thus, (1)0 and (2)0 hold.

Let s = 1, and suppose that h = h( ko' k l ) < O. By (3.13),

271t
-

1
+

h P(O)kOP(1 )k' = L:7~o( ~1 )2111-1+1I+2tp(0)ko+2k,-t if m-I + h > 0,

2£(ko)P(0)kOP(I)k, = L:7~o( ~1 )2£(ko)+2iP(0)ko+2kl -l.

If m-I + h >0,

by (1)0 and (2)0' Thus (1)1 for h < 0 holds. If m-I + h ~ 0,

2£(ko)+21 p(O)ko+2k,-t = 0 (0 ~ i ~ k
l

)

by (1)0 and (2)0' Hence (2)1 for h < 0 holds. Suppose h = h(ko, kJ ~ 0, and assume

that (1)1 and (2)1 hold for any ko, k l with h( ko, k l ) < h. Since h = 1 + n - ko - 2 kl

~ 0 and n is even,

by Lemma 3.14, and so

(**) 2111-1+1Ip(0)kop(I)1c, + 2111-2+1Ip(0)ko+lp(l)k.

+ ~/1271t-2+1I-j(2+P(0))p(0)kop(1)k'p(iI)"'P(ij) = 0,

where 11 = l(il"'" ij): 1 ~j ~ m-2, 1 ~ i l < ... < ij ~ m-21·
By the inductive hypothesis and (3.13), the second term and the term for any (il' "',

i j ) E 11 in (**) vanish. Thus, (1)1 and (2)1 hold.

Let 2 ~ s ~ m. Suppose h = h( ko, "', ks) < 0, and assume that (1 )S-1 and (2 )S-1

hold. Then, by (3.13),

271t -S+1I +£(ko)ap(st< = .E~,;<o( ~s ) 271t -S+1I +£(ko)+21 ap( s-1 )2k s -t,

2£(ko)ap(s)"o = L:7,;<o( ~s )2£(ko)+21 ap(s-l )2k s -l,

where a = n:=-~p(t)"I. If m - s + h> 0,

2111 -8 +1I +£(ko)+21 ap(s_1)2k<-t = 0 (0 ~ i ~ ks)

by (l)s-1 and (2)S-I, and so (l)sfor h<O holds. If m-s+h~O,
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by (1 )S-1 and (2)S-I, and so (2)s for h < 0 holds. Suppose h = h( ko, "', ks) ~ 0, and

assume that (l)s and (2)s hold for any ko,"', ks with h( ko, "', ks) < h. By Lemma

3.14,

and so

(***) 2""-S+1l+f.(ko)ap(s)k~+ 2",,-s-I+1l+f.(ko)ap(s_1)P(st~

+ 1:/, 2""-S-I- j +1l+f.(ko)(2+ P(s-l» ap(st~P(il)'" P(ij) = 0,

where Is = {(it, "', ij): 1 ~j ~ m-1-s, s ~ i l < ... < ij~ m-21·

By the inductive hypothesis and (3.13), the second term and the term for any (il'''',

i j ) E Is in (***) vanish. Therefore, (1)s and (2)s for h ~O hold. q.e.d.

We can prove the following lemma in the similar way to the proof of Lemma

5.2 by making use of Lemma 8.1 and (3.13).

LEMMA 8.2. For any integers ko,''', ks-I ~ 0 and ks > I > 0 (0 ~ s ~ m), we
have

2",,-s+f.+1l· ap(s)kS = (-1 )l2",,-s+f.+1l·+2lap(S)ks -l if m - s + h' > O.

Also

2£(ko)ap(s)k. = _ 2£(ko)+2 aP(s)krl if ks ~ 2 and m - s + h' ~ 0:

Here, hi = [(n - rr:=o2 t k t )/2s J, a = rr:=-~p(t)kl and E = 0 if s = 0, = E(ko) if 1 ~ s ~m.

The following lemma is obtained in the similar way to the proof of Lemma 5.3

by making use of Lemma 8.1 and (3.13).

LEMMA 8.3. Let h = h(ko,''', ks) be the one in Lemma 8.1 and a = rr:=-~p(t)kl.

Then we have

2""-1+21lp (0)kOp (1t = 0 if s = 1, m- 2 + 2h~ 0,

(i) j
2£(kol p (0/oP(1/' = 0 if s = 1, m - 2 + 2h< O.

2""-S+I+21l+C(ko)ap(st· = 0 if 2 ~ s ~ m, m - s + 1 + 2h ~ 0,

(i i) j
2£(ko)ap(s/'=0 if2~s~m, m-s+1+2h<0.

LEMMA 8.4. Let m ~ 3, I ~ 1 and I ~ h = h( ko, kl ) except for the case I = 1

and h is even. Then

(1 h ±(2+ P(0»2""-4.+lp (Oto+ 1P(1 t = (2+ P(0»2""-3+lp (Ot o+
1
P(1 t-1

if k o~ 0 and kl ~ 2,

(2)11 ± (2+ P(O» 2""-4.+l p(O)kO-1 P(l )kl+' = (2+ P(O» 2""-3+lp (Oto-1P(l )k' if k o> 0, k, > O.

PROOF. By Lemma 3.14,
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The terms for (i), ... , ij) E /) vanish except for (1) E /) by Lemma 8.1. This implies

(l)h' (2)h follows from the relation

2l -).Q(Ot o
-

1 .Q(1 t- 1 P = 0
tJ tJ 11I,1

III Lemma 3.14 by making use of Lemma 8.1 in the similar way to the proof of (l)h'

q.e.d.

LEMMA 8.5. Let m ~ 3, I ~ 1 and I ~ h = h(ko, k)). Then

(3)h 2711-1+lp(0)ko+lp(1)kl-l ± 2 711 -2+lp(0)kop(lt = 0 if ko ~ 0 and k1~ 2,

(4)h 2711-1+lp(0)kO-lp(1)k, ± 2711-2+lp(0)kop(1)k, = 0 if ko > 0 and k1> 0,

(5)h 2 711 -2+lp(OtoP(1t' = ±2711+lp(0)kop(l)kl-1 if ko ~ 0 and k1~ 2.

PROOF. If I = 1 ~ hand h is even, each term in (3)h, (4)h and (5)h vanishes

by Lemma 8.1. In other cases, (3)h and (4)h follow from 2x(lh and 2x(2h in Lemma

8.4 by (3.13) and Lemma 8.1. (5)h is the immediate consequence of (3)h and (4)h'

q.e.d.

LEMMA 8.6. Let m ~ 3 and h( ko, k)) = 1. Then

(6) _2 711 -1p(0)ko+lp (1)k,-1 + 2 111
-

2p(Otp(lt' ± 2 711 -2+2np(0) = 0 if ko ~ 0 and k1~ 2,

(7) 2711 -l p(0)kO
-Ip (1 (, + 2 711 -2p(0)kOp (1 (, ± 2 711 -2+2np(0) = 0 if ko > 0 and k1 > O.

PROOF. Consider (I)) for l = 1 = h(ko, k)) in Lemma 8.4. The term

2 711 -sP(oto+2p(1 t'

vanishes by Lemma 8.3. By (3.13),

(*) 2711-2p(0)ko+lp(1)kl = ~~~o( ~1 ) 2711-2+2lp(0)ko+1+2k,-l

The term for i=O in (*) vanishes by Lemma 8.1, and the term for i ~llll (*) IS

equal to

(~1 )2711-2+2lp(0)ko+l+2k,-l = ±(11)2711-2+2ko+22klp(0)

by Lemmas 8.1-2. Therefore, we have

211l - 2P(0)kO+lp (l)k, = ±2711 -2+2np(0).

On the other hand, by (3.13)

2 111
- 2p(0)ko+2p (1 )k,-l = 2711-2p(0)kOp(1 )k, _ 2711p(Oto+1P(1 )kl -l.

Thus (6) follows from Lemma 8.4(1)). (7) follows from Lemma 8.4(2)) in the similar

way to the proof of (6). q. e .d .
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LEMMA 8.7. Let m~3 and h(ko, k)) =2. Then

(8) 2'"p(O)ko+lp (l)k,-1 + 2"'-lp (Otop(1)k, ± 2",-2+2"13(0) = 0 if k o ~ 0 and k) ~ 2,

(9) - 2'"p(O)kO-lp (l )k' + 2",-113(0 )kO13(1 )k, ± 2"'-2+2"13(0) = 0 if k o > 0 and k) > o.

PROOF. Consider (1)2 for l = 2 = h( ko, k)) in Lemma 8.4.

Then

2",-1p(oto+113(1 )k, = ± 2"'+113(0/°+113(1 )1c,-l (by Lemma 8.5 (5)))

By (3.13), we have

(*) 2",-2p (0)ko+2p (1 )1c, = ~~:o( ~1 )2",-2+2tp (Oto+2k,+2-t.

The term for i = 0 in (*) vanishes by Lemma 8.1, and

2",-2+2tp (Oto+21c ,+2-t = ± i"-2
+

2"p(0) if i ~ 1

by Lemmas 8.1-2. On the other hand, by (3.13) and Lemma 8.1,

211l
-
1p(0)ko+2p (1)k.-l = 211l

-
1p(0)1c°p (1t ± 211l +1p(0)ko+lp (1t-).

Therefore, (8) follows from Lemma 8.4(1)2. (9) follows from Lemmas 8.4(2)2 and 8.5(5))

in the similar way to the proof of (8). q.e.d.

LEMMA 8.8. Let m~ 3, l ~ 3 and l ~ h= h(ko, k)). Then

(10)h 2"'-2+1p (0)1co+l p (1)k,-1 - 2 11l
-
3+1p(0)/c°p(1/, = 0 if ko ~ 0, k l ~ 2,

(ll)h 2111-2+lp(Oto-lp(1 t + 2111
-
3+1p(Otop(1 t = 0 if ko > 0, k) > o.

PROOF. Consider (l)h in Lemma 8.4. Then

(2+p(0))2"'-4+lp (0)ko+ 1
p (1)k' = 0

by Lemma 8.5(4)h-2. Also, by (3.13),

2 111
-
3•'13(0 )ko+2p (1 t-1 = 2 "'-3+lp (0/op(1 /' - 2 "'-l+lp(O )ko+lpU t-1

.

Therefore, (10h follows from Lemma 8.4(1)h. (l1)h follows from Lemmas 8.4 (2)h and

8.5(4)h_2 in the similar way to the proof of (10)h. q.e.d.

LEMMA 8.9. Let 2 ~ s ~m-l, l ~ 1 and l ~ h = h(ko, ... , ks).

Then

(12)h (2+ p(s -1») 2111-S-2+l+C(ko) ap(S-1 )1cso'.1 p( s )kS-l

10

±(2+p(S-l)2111_S_3+l+C(1cO) ap(s_l(so,+lp(s)kS if 2 ~ s ~ m-2, kS-1 ~ 0 and ks ~ 2,

if s = m-I, k S -l ~ 0 and Ifs ~ 2,
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±(2+,8(s_1))21ll-S-3+1+£(kO)a,8(S_1)ks-.-lp(S)ks+l if2 ~s ~m-2,ks-l >0 and k s >0,

!0 if s = m-I, k, -. > 0 and ks > 0,

where a = IT~~_~,8(t)kl. Moreover, the right hand sides of (12)h and (13)h vanish if h ~ 0.

PROOF. By Lemma 3.14,

i-1+£(ko) a,8(s-1)ks-'+I,8(s)kS-2p m..s = 0,

~nd so

(2+ ,8( S -1)) 21ll-S-2+1+£(ko) a,8( S -1 )k8-'+ I,8( S )ks-l +

~l .• (2+ ,8(s -1)) 21ll-S-2+Z-i+£(ko} a,8( S -1 (s--.+I,8(S )ks- 1,8(i I)'" ,8(ii) = 0.

Since 1'61-1 = 1>, (12)h for S = m-I holds. Consider the case 2 ~ S ~ m- 2. Then, the

terms for (it, "', ii) E Is vanish except for (s) E Is by Lemma 8.1. Therefore, (12)h

holds. (13)h follows from the relation

2
Z
-

1
+£(ko ) a,8(s-1)ks-.-1,8(s)ks-1p m..s =°

III Lemma 3.14 in the same manner as the proof of (12)h' The last statement IS easI-

ly verified by Lemma 8.1. q.e.d.

LEMMA 8.10. Let 2 ~s ~ m-I, l ~ °and l ~ h = h(ko, "', ks). Then

(14)h 21ll
-

S
+

Z
+£(ko) a,8(s-l )ks-.+l,8(sts-1

= ±21ll -S-1+1+£(ko)a,8(s-lts-',8(sts if kS-1 ~ 0, ks ~ 2,

(15)h 21ll
-

S
+

Z
+£(ko) a,8(s-lts-.-1,8(s)kS = ±21ll-S-1+1+£(ko)a,8(s-l)kS -',8(sts if k S-1 > 0, k s > 0,

(l6)h 21ll-S-1+Z+£(ko) a,8(s-1)1cs-',8(sts = ±2
1ll

-
S

+
1

+l+£(ko) a,8(s-1)ks-',8(s)1cs
-1 if k

S
- 1 ~ 0, ks ~ 2,

where a = IT ~:~,8( t )1c1 .

PROOF. Since

by Lemma 8.1, (14)h and (15)1£ follow from (12)h and (13)1£ respectively by making use

of (3.13) and Lemma 8.1. (16)h is the immediate consequence of (14)1£ and (15)h'

q.e.d.

LEMMA 8. 11 . Let 2 ~ s ~ m - 2 and h ( ko, "', ks) = 1. Then

(17) 2 1ll - S +£(1co) a,8( S _1)1cs-'+I,8( S )1cs-l + 2
1ll

-
S

-
1 +£(1co)a,8( s-1)1cs-.,8( S )ks

= ±21ll-S+2ks-.+2Zks+£(1co) a,8(s-1) if k
S

- 1~ 0, k s ~ 2,

(18) 2
1ll

-
S

+£(1co) a,8(s_1)1cs-'-I,8(s)ks _ 2
111

-
S

-
1

+£(1co) a,8(s-1)ks-',8(sts

= ±21ll-S+2ks-.+2Zks+£(ko} a,8(s-l) if k
S

- 1 > 0, k s > 0,

where a = IT ~~~,8(t )1c I
• Moreover, the right hand sides of (17) and (18) vanish if S = 2

or °~ n - :E~=o2t kz< 2S
-

2
.
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PROOF. Consider (12)1 in Lemma 8.9. By (3.13)

The term for i = 0 vanishes by Lemma 8.3, and

by Lemma 8.2. Therefore, we have

On the other hand, by (16)0 in Lemma 8.10

2111-S-1+C(ko) aj3(s-l t'-I+l j3(S)k S = ± 2111-S+1+C(ko) aj3(s-l )ks-' +1 j3(S(s-l.

Hence, we have (17) by (12)1 in Lemma 8.9. In the same manner as the proof of

(17), we have (18) by making use of (13)1 in Lemma 8.9, (16)0 in Lemma 8.10 and

Lemma 8.1. The last statement follows from Lemma 8.1. q. e. d.

LEMMA 8.12. Let 2~s~m-2, l ~2 and l~h=h(ko, ··"ks ). Then

(19)h 2111-S-I+l+C(ko ) aj3(s-l ts-I+1j3(S)ks-l

=2111-S-2+l+C(ko)aj3(s_l)"s-'j3(s)k S if k S-1~ 0, k s ~ 2,

(20)h 2111-S-1+l+C(ko) aj3(s_lts-I-1j3(s(s

= _2111-S-2+l+C(ko)aj3(s_l)ks-lj3(s)kS if k S-1 > 0, k s > o.

P ROOF. Consider the right hand side of (12)h in Lemma 8.9. Then, we have

2111-S-2+l+C(ko)aj3(s-lts-,+1j3(s(' = ±2111-S+l+C(ko) aj3(s_l)"s-l+lj3(s)kS-1

by (16)h-l in Lemma 8.10, and

2111-S-3+l+C(ko)aj3( s -1 )ks-,+2 j3( s )ks = ± 2111-s-1 +l+C(ko) aj3( s -1 (S-I +2 j3( s )ks-l

by (16)h-2 in Lemma 8.10. On the other hand,

2111-S-2 +l+C(ko)aj3( s -1 )ks-I+2j3( St s-1

= 2111-S-2+l+C(ko)aj3(s-l )ks-lj3(sts _ 2111-S+l+C(ko)aj3(s-l )ks-l +lj3(S)k S -l

by (3.13). Thus, (l9)h follows from (12)h' Consider (13h in Lemma 8.9. Then, we

have

by (16h-l' and

2111-S-3+l+C(ko)aj3(s-l )"s-'j3(S)ks+1 = ± 2111-S-1+l+C(ko)aj3(s-l )ks-'j3(S)k S

by (16)h-2. Thus (20)h follows from (13h. q.e.d.
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if 1 ~ 2 and 1 ~ h(ko, ... , ks),

The following lemma is obtained from Lemmas 8.6-12.

LEMMA 8.13. (i) Let m ~ 3, ko~ 0 and k1~ 2. Then

(21) 2m
-
2fJ(0)14,fJ(1 )k' = 2 m fJ(O)14,fJ(l )k,-l if h( ko, k

l
) = 1,

(22) 2m
-

1fJ(0)14,fJ(1 )k' = 2m +1fJ(0)14,fJ(1 )k.-l ± 2m
-
2+2nfJ(0) if h( ko, k1) = 2,

(23h 2m
-

3 +lfJ(0)14,fJ(1)k, = _2 m
-
1+p>(0)14,fJ(1)k,-1 if 1~ 3 and 1 ~ h(ko, kl ).

(ii) Let 2 ~ S ~ m-2, k S - 1 ~ 0 and ks ~ 2. Then

(24) 2111-S-1+~(14,)afJ(s-l )kHfJ(S« = ± 2111-S+1+~(14,) afJ(s-l )k,HfJ(S)ks-l if 0~ h( ko, "., ks),

(25) 2111-S-1+~(14,)afJ(s-l )ks-lfJ(S)~<

= 2111-S+1+~(14,) afJ(s-l )ks-'fJ(S t<-l ± 2111-S+2ks-'+22ks+~(14,) afJ(s-l) if h( ko, ... , ks) = 1,

(26)1& 2111-S-2+l+~(14,) afJ(s-l tS-'fJ(s )ks

= - 2111-S+l+~(14,) afJ(s-l tS-'fJ(st s-1

where a = II::~fJ(tt'. Moreover, the last term of (25) vanishes if S = 2 or 0 ~ n­
~:~ci2tkl <2S-2.

LEMMA 8.14. Let m ~ 3 and 1 ~ h ~ n-2. Then

2m- 2 +1&fJ(Ot+1-1& = (-1)1&+11 (2n-1& - 1) 2m- 3+nfJ(O / + (2n-1&-1 - 1) 2m
-
1+nfJ(O) f .

PROOF. Consider (4h for l = h = h (ko, k l ) and ko > 0, k1 = 1. Then

(*) 2m
- 2 +1&fJ(0)n+1-1& + 3 2m

- 1+1&fJ(ot-1& + 2m +l+1&fJ(0)"-1-1& = 0

by (3.13), where we notice that

1 ~ h = h ( ko, 1) = n - ko - 1 ~ n - 2.

The desired result IS obtained by the induction on h by making use of (*).

§9. Basic relations concerned with an additive base of

KO (S4.n+3 / Qr) ( r = 2m
-

1
) for even n

q.e.d.

In this section, we prove some basic relations concerned with an additive base
of KO(stn+3/Qr) (r = 2 m

-
1

) for even n by making use of the relations given in §8.

Let S, k and d be the integers which satisfy

0~s~m-2, 2S(k-1)~n-d<2sk, k~2 and d~O (cf. (6.1)).

Then, we have the following lemmas.

LEMMA 9.1. Suppose 1 ~ S ~ m-2, k and d are even under the assumption (6.1).

Then

2111-S-2fJ~(fJ(s+2- t)2 1
-

2
k- fJ(s+ 1- t)2

1

-

l

k) = 2111-S-4+2IkfJ~fJ(S+1- t)
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for any t with 1 ~ t ~ s+1.

PROOF. Let u = s+l- t. Then, by (3.13)

2 fft
-

S - 2P~(p(u +1)2,-zk_{l(ut- Ik ) = ~:~~Zk (2t~2k) 2fft-S-2+2ip~p(U)2'- lk-i.

The i -th term is equal to

(_1)i-l(2t~2k)2fft-s-.+2'kP~P(U) (1 ~ i ~ 2t
-
2k)

by Lemma 8.2. Therefore, we have the desired result.

LEMMA 9.2. Under the same assumption as in Lemma 9.1, we have

22:~+~2fft-s-.+2'kp~P(s+1-t)= 0.

PROOF. By summarizing the relations of Lemma 9.1 over t, we have

22::112fft-s-.+2'kp~p(s+1-t)= 2fft-S-2p~P(s+1)k/2 _ 2fft-S-2p~+2S1c.

By Lemma 8.1, 2fft-S-2p~+2Sk = 0, and

2fft-S-2p~p(S+l)1c/2= ±2fft-S-·+1cp~p(S+l)

by Lemmas 8.1-2. Therefore, we have the desired result.

q.e.d.

q.e.d.

LEMMA 9.3. Suppose 1 ~ s ~ m-2, k= 2k' + 1 ~ 3 and d is even under the as­
sumption (6.1). Then

2fft-S-2p~(p(s+2_ t)2l-Zk - P(s+ 1- t)2'-'k)

2fft-S-.+2Z1cp~p(S_l) ± 2fft-S-3+21cp~p(S) if 2 = t ~ s+ 1,

2fft-S-.+2f1cp~p(S+1- t) if 3 ~ t ~ s+ l.

PROOF. Let 2 ~ t ~ s+l and u = s+l- t. Then, by (3.13)

2·-S-2p~p(U+l)2I-Zk= 2fft-S-2p~(p(ul + 22P(u)t- 1k'P(u+1)21-Z

= ~~:~'k' (2t~1 k') 2fft-S-2+2tp~p(U)2Ik' -tp(u+ 1t-z
•

Since the i -th term for 1 ~ i ~ 2t-J k' vanishes by Lemma 8.1,

2fft-S-2p~P(u+1)2r-zk= 2fft-S-2p~P(utk'P(u+1?r-z.

Thus,

(*) 2fft-S-2p~(P(u+1t-Zk_ p(U)2' -
l k) = ~~:-lz (2~-2) 2fft-S-2+2tp~p(U)21-'k-t.

The i-th term for i *1, 2 (3~ t~s+l) in (*) is equal to

(_1)t-,(2:-2)2fft-S-.+2'1cP~P(u) (by Lemma 8.2).

The i-th term for i =2 V (v=O, 1, and v=o if t=2) in (*) IS equal to
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= (2~-2) 12711-8-2.2tp~p(u)2-tp(u+ 1t-2k-1 +

~r::k-l( -l)J (2t-~k-1) 2711-8-2.2t.21p~p(U?-h j p(u+ 1)2t-2k-I-1}

= ±2711-U-3-V.2tp~p(U)2-tp(u+1)2t-2k-l +

(_1)2t-2k-I(2ti-2)211l-8-.+2t+2t-'kp~p(U)2t-2kt\-t (by Lemma 8.1)

= ±211l-U-7-v+2t.2t-'kp~p(U)2-tp(U+1)+(_1)t-J(2;-2)211l-8-4+2Ikp~p(U) (by Lemma 8.2).

Therefore, we have

= 1

2711-8-2p~(p(U+ 1 )2 t-Zk_ p(U)2I-1k)

21ft-S-4.2Zkp~p(U)± 21ft-S-4+2kp~p(u)p(u+1) if 2 = t ~ s+l,

On the other hand,

by Lemmas 8.5 and 8.10. Thus, we have the desired result. q.e.d.

LEMMA 9.4. Under the same assumption as in Lemma 9.3, we have

~::;21ft-S-4.2Ikp~p(s+1_t) = O.

PROOF. By summarizing the relations in Lemma 9.3 over t (2 ~ t ~ s+ 1), we

have

~::112711~S-4+2Ikp~p(s+ 1- t)

= 21ft-8-2p~p(S)k _ 21ft-S-2p~.2Sk _ 21ft-8-.+2kp~p(S)

= 2711-8-2p~p(S)k - 21ft-8-4+2kp~p(S) (by Lemma 8.1).

On the other hand,

2 711 -8-2p~p( s) k

=~~~o(1')(-1)t21ft-S-2'2tp~p(s)i.lp(S+ll'-i (by (3.13))

= 21ft-S-2p~p(s)p(s+1)1c' + (_1)1c'21ft-S-3+kp~p(S)Ic"1 (by Lemma 8.1)

= ±21ft-S-5+kp~p(s)p(s+1) + 21ft-S-.+2kp~p(S) (by Lemmas 8.1-2)

= ±21ft-8-4+lcp~p(s+1) + 21ft-S-.+2kp~p(S) (by Lemmas 8.5, 8.10).

Therefore, we have the desired result. q.e.d.

LEMMA 9.5. Suppose 2 ~s ~m-2 and d>O lS even under the assumption (6.1).

Then

21ft-8-3'k-lp~-lp(1)rr:=-;(2+ p( t)) p(S)1 = - 211l-S-4.k-lp~-1p(l) rr:=-~(2+ p( t)) pes )1+1

for 0 ~ l ~ k - 2.
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PROOF. By Lemma 3.14, 2k-l-2fl~-lfl(8)lPJIt.\= 0, and so

2"'-S-3+k-lfl~-1fl(l) IT ::~( 2+ fl( t» fl( S)l

+ "'22" 2".-S-3+k-l-jfl~-l fl(1) IT :=-~ (2+ flU» fl( 8 )lflU\ ) ... flUj ) = 0,

where Is = {Ul' "', ij): 1 ~ j ~ m- 8-1, 8 ~ i\ < ... < ij ~ m- 21·
The terms for U\, "', ij) E Is vanish except for (8) E Is by Lemma 8.1 III the similar

way to the proof of Lemma 6.15. Thus, the desired result follows. q.e.d.

LEMMA 9.6. Under the same assumption as in Lemma 9.5, we have

PROOF. By Lemma 9.5, we have

27fl-S-3+kfl~-1fl(1 ) IT :=-;(2+ fl( t» = (-1 )k-12'" -s-2fl~-I fl(l ) IT ::~( 2+ fl( t» fl( 8 )k-I .

On the othe r hand,

27fl-S-2fl~-1fl(l ) IT :=-~ (2+ fl( t» fl( 8 )k-I

= 2
7fl

-S-2fl~+l IT ::~ (2+ flU» fl(8 )k-I + 2
7fl

-Sfl~ IT ::~ (2+ flU» fl(8 )k-l (by (3.13»

= 2"'-S-2fl~+IIT:=-~(2+flU»fl(8)k-1 (by Lemma 8.1).

Thus, we have the desired result.

LEMMA 9.7. Under the same assumption as in Lemma 9.5, we have

2"'-S-lfl~fl(8-1)fl(8)k-l= (-1)k2",-s-4+2kfl~fl(8) - 2",-s-2fl~fl(8-1)fl(8)k.

PROOF. By Lemma 3.14, fl~fl(8)k-2P JIt .s = 0, and so

2",-s-1 fl~ fl( 8-1) fl( 8) k-I

= - 2 J1t -sfl~ fl( 8) k-l - ~ '. 2 J1t
-
S-1

-
j (2+ fl(8-1» fl~fl( 8 )k-lflU\ ) ... flU})·

q.e.d.

The terms for U\, "', iJ ) E Is vanish except for (8) E Is by Lemma 8.1, and

27fl-Sfl~fl(8)k-l=(-1)k2"'-S-4+2kfl~fl(8)(by Lemma 8.2).

The term for (8) E Is is equal to

- (2+fl(8-1»2J1t-S-2fl~fl(8)k = ±27fl-S-3+2kfl~fl(8) - 27ft-S-2fl~fl(8-1)fl(8)k

(by Lemmas 8.1-2).

Thus, we complete the proof.

LEMMA 9.8. Under the same assumption as zn Lemma 9.5, we have

27ft
-

S
-

2fl~ fl( 8/
= 2"'-S-2fl~+IIT :~-~ (2+ flU» fl( 8) k-l + (-1 /27ft-S-4+2kfl~fl( 8)

- 2"'-S-2fl~ fl( 8 -1) fl( 8/ + "'22::~2"'-S-1 fl~ fl( u) IT ::~+l( 2+ flU» fl( 8) k-l.

q.e.d.
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PROOF. In the same manner as the proof of Lemma 6.20, we can prove the

lemma by making use of Lemmas 3.14(i) and 9.7. q.e.d.

LEMMA 9.9. Suppose 2 ~ s ~ m-2 and d is even under the assumption (6.1).
Then

27/1-S-2fl~ fl( S)k = ~:=027/1-S-4.2t·'kfl~ fl( s - t) + (-1 )"-1 27/1-S-4.2"fl~ fl( s).

PROOF. In the case k is even.

27/1-S-2fl~fl(s)"

= 27/1-S-2fl~fl(s+1)k/2 - 27/1-S-4+2Jcfl~fl(s) (by Lemma 9.1)

= ±2rr1-S-4·"fl~fl(s+1) - 2rr1-S-4+'JJIcfl~fl(s) (by Lemmas 8.1-2).

In the case k is odd, by the last part of the proof of Lemma 9.4,

2rr1-S-2fl~fl(s)"= ± 2rr1-S-4·"fl~fl(s+ 1) + 2rr1-S-4.2"fl~fl(s).

Therefore, we have the desired result by Lemmas 9.2 and 9.4. q.e.d.

LEMMA 9.10. Under the same assumption as in Lemma 9.9, we have

2rr1-S-2fl~fl( s -1) fl( s) k = ± 2rr1-S-2.22kfl~ fl( s -1).

PROOF. By Lemma 9.9, we have

2rr1-S-2fl~fl(s-1)fl(s)k= (1 + (-1)k-l)2rr1-8-4.2"fl~fl(s-1)fl(s)

+ ~~=227fl-S-4.2t+lkfl~fl(s_ t)fl(s-l) + 2rr1-S-4.22"fl~fl(s_1)2

=2rr1-S-4.22kfl~fl(s_1)2 (by Lemma 8.1)

22 2

= 2 rr1 -S-4• kfl~fl(s) - 2rr1-S-2+2"fl~fl(s-1) (by (3.13»

= ±2rr1-S-2.22kfl~fl(s_1) (by Lemma 8.1).

These complete the proof. q. e. d.

LEMMA 9.11. Under the same assumption as in Lemma 9.5, we have

2 7fl -S-1fl~·1 IT :~: (2+ flU» fl( s )"-1 = (-1 )k-127fl-S-2.kfl~-2fl(1) IT :,:~( 2+ flU».

PROOF. By (3.13), we have

2 rr1 -S-1fl~·1 IT :'::(2+ fl( t» fl( s) k-l = 2 rr1 -S-1fl~-2 fl(l ) IT :,:~ (2+ fl( t» fl( s) k-l

- 2rr1-S+1fl~-1 IT:~~(2+ flU»fl(s)k-l - 2rr1 -8 fl~IT:~11(2+ flU»fl(s)k-l

= 2rr1-S-1fl~-2fl(1)IT:=-~(2+fl(t»fl(s)"-1 (by Lemma 8.10).

On the other hand,

by Lemma 3.14, and so we have
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2·-S.k-L-2p~-2P(l) IT ::~(2+ P( t)) p(S)l

+ ~/ .• 2·-S.k-l-2-jp~-2 P(l) IT :=-~(2+ p(t)) P(s )LpU 1)'" PU}) = O.

The terms for U" "', ij) E Is vanish except for (s) E Is by Lemma 8.1. Thus

2·-s
• k-l-2p~_2P(l) IT :=-~(2+ P( t) p(S)l = - 2·-S+k-l-3p~-2P(l) IT::~(2+P( t») P( s )l+'

for any l with 0 ~ l ~ If, - 2. Therefore, we have the desired result. q.e.d.

LEMMA 9.12. Suppose 3 ~ 8 ~ m-2 and d > 0 is even under the assumption (6.1).
Then

2·-S-1p~P( u) IT :=-~+1(2+ P( t) P(s) k-l

= ± ~:=, (-1 )2'-'2·-S-3+2'+lkp~p(u) ITf:;+1(2+ p(t» P(s-l)

for any u with 1 ~ u ~ 8-2.

PROOF. By Lemma 3.14,

P~P(u)ITf=-:+1(2+p(t))p(S)k-2p •.s = 0,

and so

2·-S-1P~P(u) ITf:~+1 (2+ P( t») p(S)k-l

= - ~/.2·-S-1-jp~p(u)ITf=-~+1(2+p(t)p(S)k-1PUJ··· PU j ).

The terms for U" ''', i j ) E Is vanish except for (8) E Is by Lemma 8.1. Thus, we
have

2111 -S-1p~P( u) IT ::~ +1 (2+ P( t») P(s )k-l

= ±2·-S-2p~p(U)IT:=-~+1(2+p(t»p(S)k (by Lemma 8.1)

= ± ~:=()2111-S-3+2'+lkp~p(u) ITf:~+1(2+p(t») P(8-l) ± 2·-S-3.2kp~P(u) IT:=-;+1(2+ p(t») P(s)

±2·-S-2+22kp~P(u)IT:=-~+1(2+p(t)P(s-1)(by Lemmas 8.1,9.9-10)

= ± ~:=1( -1 )2'-'2·-S-3+2'+Ikp~p(U)IT ::~+1(2 + p(t» P(s~ l).

Therefore, we have the desired result. q.e.d..

LEMMA 9.13. Under the same assumption as in Lemma 9.12, we have

~:=1~~~~(-1 )2'-'2·-S-3+2l+lkp~P(u) P(8-l) IT :=-;+1(2+ p(t») = ± 2·-S-2.22'/3~P(s-l).

PROOF. We can prove that the left hand side of the desired relation is equal to

± 2·-S-2+22kp~P(8-1) ± 2111-4.2skp~P(l)

by making use of Lemmas 8.1 and 8.12 instead of Lemmas 5.1 and 5.9 respectively

in the proof of Lemma 6.28. While

2·-4+2Skp~p(l)=0 (by Lemma 8.1).

Therefore, we have the desired relation. q. e. d.
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The following lemma is the immediate consequence of Lemmas 9.11-13.

LEMMA 9.14. Under the same assumption as in Lemma 9.5, we have

2m-S
-
1
p~~~~~p(u) IT :~-~+1( 2+ p( t» p( 8 )k-l

= (-1 )k-12m-s-2+kp~-213(1) IT ::~ (2+ p(t» ± 2m-s-2T22kp~p(8-1).
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In this section, we shall determine the additive structure of KO(S"R+3/QT) (r =
2m

-
1)with m ~ 2 for even n by giving an additive base. In case m = 1, KO(S4R+3/QJ

= KO(L 2R+I(4» and its additive structure is given in [12, Th.B]. The result in case

m=2 is given in [7, Th.1.3].
Let m ~ 2. Then, we have the relations in KO(S"R+3/QT) given by the following

propositions.

PROPOSITION 10. 1. Suppose 2 ~ 8 ~ m - 2 and d > 0 is even under the assumption
(6.1). Then

2m-s-3+kp~-213(2) IT ::11(2+ p(t» + (_1)k ~:~o(-1 t2m-s-"+2r+'kp~13(8- t) = O.

PROOF. The desired relation is the immediate consequence of Lemmas 9.6, 9.8-
10 and 9.14. q.e.d.

PROPOSITION 10.2. 2 R +2ao = 0 and 2 R +2al = O.

PROOF. We see easily that 2 R +2 ao= 2aop;+1 in RO(QT) by Propositions 2.5 and
2.7, and 2aop;+1 e Ker ~ by Lemma 3.10.

Therefore, 2 R
+

2ao = 0 in KO(S4n+3/QT) by (3.9) and the definitions of ao, 2131 and p~ e
KO(S"R+3/QT) in (3.3) (see also Propositons 2.5 and 2.7). In the similar way to the

proof of Proposition 7.4(ii), we have

o = 2alp~+1 = (-1 t2R +2
~:~: p(u) IT ~~:1(2+ p(t» + (-1 t+ 12 R+2al

m KO(S"R+3/QT)' From this relation, 2R +2
al = 0 if m = 2. Let m ~ 3. Then, by

Lemma 8.1,

Therefore, we have

and so 2R
+

2 a
1

= O. q.e.d.

Now, we are ready to prove Theorem 1.6 for even n.

PROOF OF THEOREM 1. 6 FOR EVEN n· The group KO(S4R+3/QT) (r = 2 m
-

l
) for

even n is additively generated by ao, al and ~ (1 ~ i ~ N') by Propositions 2.5, 2.7,

(3.9), (3.13) and the fact that 2Pm.1 = p 1P m.1= 0 in Lemma 3.14(ii). On the other



54 Kenso FU]II

hand, 2
71

+
2 X 2

71
+

2 X n:~,u(i) = 2(111+3)71+4 = # KO(S471+3/Qr) by Proposition 4.13 (ii), 7.3,

Lemmas 9.2, 9.4, Propositions 10.1-2, Lemma 8.1 and the definitions of a" flU)

and ~i (l ~ i ~ N') in (1. 5). Therefore, we complete the proof of Theorem 1. 6 for
even n. q.e.d.

COROLLARY 10.3 (cf. [13, Cor. 1.7]). The order of 8, m KO(S471+3/Qr) is equal
to 2m

+
271

-
2 if n is an even integer.
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